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Abstract

We propose a novel smoothing (or filtering) approach for time series analysis
to estimate the hidden states of random variables and handle noisy, nonsta-
tionary time series data. The method is applicable even when the sample
size is small, as is often the case with major macroeconomic time series data.
Our approach is based on the frequency decomposition of nonstationary time
series, and we address the smoothing and filtering challenges specific to such
data. In particular, we introduce two methods: forward and backward SIML
smoothing, designed to resolve the initial value problem in nonstationary time
series analysis. The proposed smoothing methods offer interpretations in both
the time and frequency domains. To demonstrate the effectiveness of our ap-
proach, we provide an illustrative empirical example using U.S. manufacturers’
new order data and apply the filtering method to the problem of detecting
recent breaks in macroeconomic consumption trends.
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1. Introduction

Time series analysis is a cornerstone of macroeconomic research, providing crit-
ical insights into trends, cycles, and other dynamic behaviors in economic data.
However, macroeconomic time series often exhibit significant challenges: they are
typically nonstationary, noisy, and available in small sample sizes. For example, 30
years of quarterly data comprise only 120 observations, while 20 years of monthly
data include just 240 observations. These characteristics limit the applicability of
traditional smoothing and filtering methods, which often rely on large sample sizes
or strong distributional assumptions.

Existing methods, such as Kalman filtering and the Hodrick-Prescott filter, have
been widely employed in econometrics. While these methods are powerful, they
often face limitations in multivariate settings or when addressing noisy, nonstation-
ary data. Additionally, many traditional approaches struggle with the initial value
problem, where the starting estimate for state variables significantly influences the
smoothing outcomes. Another critical challenge lies in detecting structural breaks
near the endpoints of observations. Recent macroeconomic shocks, such as the 2008
financial crisis and the COVID-19 pandemic, underscore the importance of timely
structural break detection for effective policymaking.

To address these issues, this study proposes a new smoothing and filtering frame-
work tailored to the needs of macroeconomic time series analysis. Our approach,
referred to as the SIML smoothing methods, leverages frequency-domain filtering to
provide robust and interpretable solutions for nonstationary time series. The pro-
posed methods include forward, backward, and multi-step smoothing procedures,
which are designed to resolve the initial value problem systematically. Moreover,
this study extends these methods to multivariate settings and applies them to the
detection of structural changes near observation endpoints, a task where existing
methods are often inadequate.

The contributions of this study are as follows: (i) Development of Novel Smooth-
ing Methods: We introduce forward, backward, and multi-step SIML smoothing
techniques that address key challenges in nonstationary time series analysis, includ-
ing small sample sizes and initial value sensitivity. (ii) Structural Break Detection
Framework: A new method for detecting structural changes near observation end-
points is developed, focusing on recent changes in trend-cycle components of noisy
data. (iii) Applicability to Multivariate Time Series: Our methods are designed to
handle multivariate settings without relying on strong distributional assumptions,
making them suitable for multiple macroeconomic data. (iv) Empirical Applica-
tions: The proposed methods are demonstrated through real-world examples, in-
cluding U.S. manufacturers’ new order data and the detection of structural breaks
in macroeconomic consumption trends in Japan.

By addressing the unique challenges of nonstationary, noisy, and small-sample



time series, this study provides a systematic, interpretable, and robust framework for
macroeconomic time series analysis. Our methods not only extend the capabilities
of existing smoothing and filtering techniques, but also offer new tools for structural
break detection, with significant implications for econometric research and policy
formulation.

The remainder of this paper is structured as follows. In Section 2, we intro-
duce the general framework of the nonstationary errors-in-variables model and the
SIML method. Section 3 develops the SIML smoothing techniques, including for-
ward, backward, and multi-step procedures, and addresses theoretical issues such
as convergence. Section 4 generalizes the methods to multivariate settings and pro-
vides a frequency-domain interpretation. Section 5 presents numerical examples to
illustrate the practical applications of our methods, while Section 6 introduces a
novel approach to detecting recent structural breaks. Finally, Section 7 concludes
the study and outlines future research directions. Mathematical derivations and
additional figures are provided in the Appendix.

2. Nonstationary Errors-in-variables models

Let y;; be the i—th observation of the j—th time series at ¢ for i = 1,--- ,n;j =
L---,p. Wesetyi = (Y, %) as apx1vector and Y,, = (y;) (= (y;5))
as an n X p matrix of observations, and we denote yq(or y,) as the initial p x 1
vector, which is assumed to be observable. Furthermore, we attempt to estimate
the underlying nonstationary trend and stationary cycle when the nonstationary
state vector x; (= () (i = 0,1,---,n), and the vector of noise component v; =
(v, - -+, Up;) are mutually independent. Then, we use the nonstationary errors-in-
variables representation

(2.1) vi=x;+v; (i=0,1,---,n),

where the state vector x; (i = 0,1,---,n) is a sequence of the nonstationary I(1)
vector process, which satisfies

(2.2) A, =(1—L)x=v\™ (i=1,--,n),

7

(=)

(xo or x,, as the initial vector), and the measurement error (or noise) vector v; "’ is

a sequence of the 1.i.d. random vectors with E(v!”) = 0 and E(v!"v") = =,.
The random vector v; (i = 0,1,---,n) is a sequence of i.i.d. random variables with
E(v;) = 0 and E(v;v;) = Z,.

When we assume that each pair of vectors Ax; and v; are independently, iden-
tically, and normally distributed (i.i.d.) as N,(0,3,) and N,(0,X,), respectively,
and we have the observations of an n x p matrix Y,, = (y;), then, given the initial

condition y, as times goes from 0 to n, the np x 1 random vector (y;, - - - ,y;l)/ follows

(2.3) vee(Y,) ~ Ny (10 - 70, T @ By + C,C, @ 3,)
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where 1, = (1,---,1) and

1 0 - 0 0
11 0 0
(2.4) C,=|11 1 .- 0
1 -~ 1 10
1 -+ 1 1 1

nxn

We use the K,,—transformation that is from Y, to Z, (= (z,)) by

(2.5) Z, =K, (Y.~ Y,) K, =P,C",
where
1 0 - 0 0
—1 1 0 e 0
(2.6) c'=1 0 -1 1 0 - :
0 0 -1 1 0
o 0 0 -1 1)

and the (k, j)—th element of P, = (p{)) is defined by

2
n—i—%

2w 1 1

(k=3)0—-5)

(2.7) Py = om+ 1 2 2

COS |:

By using the spectral decomposition (see Lemma A.1 in the Appendix), C,, 10;_1 =

P,D,P,, and D, is a diagonal matrix with the k-th element d;, = 2[1—608(71‘(;7]?;1 N (k=
1,--+-,n), and we write

(2.8) al, (=dy) = 4sin’ [g @:1)] (k=1,---,n).

(See Chapter 3 of Kunitomo and Sato (2024) for the details.)
()

In the general case of (2.1) and (2.2), y; = x; + v;, Ax; = v;’, and the noise
component v;(i = 0,1,---,n) and the state variables component vi® (= Ax;) are

i
sequences of the stationary processes satisfying

(2.9) vi= Y Cle
Jj=—00

and -

(2.10) vit = 3 cWel®
Jj=—00



where eE

E(e( )e( vy ) = 2™ (a non-negative definite matrix) and E(eéx e, ) %@ (a non-
negative definite matrix). For normahzatlon we use C( v = C(x I
The p X p coefficient matrices C< and C- ( ,—1,0,1,---)in (2.9) and (2.10)
are absolutely summable such that >%° C§U)|| < oo and Z]——oo ||C§x)|| < 00,
= (e (7)) and [|C57 | = maximr,..p |7 ()

and e\”) are sequences of i.i.d. random vectors with E( l(”)) E( =) = o,

j=—00 ”
c,(fvl)( )| for C; ©) —
for ng) = (ci?l (1)), respectively.

The measurement error vector v; may include the (stationary) seasonal compo-
nent s; when the main interest is to understand the trend factors as the state
vector in the low frequency part, which is less than a year. Alternatively, the
state vector Axi (= v§”)) may include the seasonal components satisfying s, =

where HCj | = maxy 1.,

% oo C(S el ;i (s > 2) and e!” is a sequence of iid. random vectors with

E(e) = 0 and E(el”e!) = =) (the coefficient matrices Cg‘;) are absolutely
summable 35° HCg-S)H < 00).

In the time series analysis, the causal MA representation of stationary process

has the form v; = %2 Cg-v)el(-ﬁ)j, and v\ = >3 Cg-x)el(f)j in (2.9) and (2.10).
The non-causal representation has sunllar form with the reversed time direction
vi=30_ Cg”)eS’)J, and v = I C egzj (For a discussion of causal and

non-causal representations of stationary processes see Chapter 3 of Brockwell and
Davis (1990).) In the following sections, we interpret the forward SIML filtering as
a causal filtering based on the causal MA representation of stationary time series
while the backward SIML filtering as a non-causal filtering based on the non-causal
representation.

3. The SIML Smoothing Methods

3.1 Forward SIML Smoothing

For the stationary process, we utilize the representation of (2.9) and (2.10). We

first consider the nonstationary errors-in-variables model of (2.1), (2.9) and (2.10)
with the causal representation v; = ;’OOC(v) ( )j and v\¥ = @ C(z el i To
disentangle the non-stationarity of time series data, we first use K, —transformatlon
in (2.5) because the elements of the resulting n x p random matrix Z, take real
values in the frequency domain, and their roles are easy to be understood. Unlike
the standard time series analysis, however, we use the real-valued Fourier transfor-
mation and we have an intuition that they are the orthogonal data process and are
nearly distributed as the Gaussian process. As P, is a real-valued discrete Fourier
transformation, vectors z, (k = 1,---,n) in Z, are asymptotically uncorrelated.
(See discussions on spectral decomposition of stationary time series in Section 4.)
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The main idea of the forward filtering is that we consider the partial inversion of
the transformed (real-valued causal) orthogonal processes. Let an n x p matrix be

(3.1) X,.(Q) = C,P,Q.P,C; (Y, — Y)
and ) )
(32) Z" - Pncgl(Yn - YO) 7Yn = YO + X7(10) + Vn )

EO):XZ'—XO (Z:

where X0 = (XEO)/) and V,, = (v;) are n x p matrices, and x
1,--+,n). We set the initial vector as yy = xg.

The stochastic process Z,, is the orthogonal decomposition of the original time series
Y, in the frequency domain, and Q,, is an n xn filtering matrix. Because Y,, consists
of non-stationary time series, we need a special form of transformation K,, in (2.5).

Let an m x n choice matrix be J,,, = (I,, O), and let an n x p matrix be
(3.3) X,(m) = C,P,Q™P,C (Y, - Yo),

and we denote an n x n matrix Q™ =J J,..

For the n x p hidden state matrix X,,, we construct an estimator only by using
the lower-frequency parts in the inverse transformation of Z, and by deleting the
estimated noise parts. We denote the hidden trend state as

(3.4) X, (m) = C,P,Q™P,C X"

This quantity is different from X,, because x; (i = 1,---,n) in (3.1) and (3.2) con-
tains not only the trend component of y; (i = 1, -+, n) but also the noise component
in the frequency domain. We attempt to estimate the trend component of x; by us-
ing (3.3) and recover the trend component of X,,, which are close to zero frequency,
because the effects of differenced measurement error noises (v; — v;_1) are negligible
at zero frequency. This method differs from some existing procedures that consider
the decomposition of stationary time series only in the time domain. Our argu-
ments can be justified by using the frequency decomposition of y; and r§”) = Ay;
(= y: — yi—1 and yo being fixed). Because the issue has importance consequences,
we will discuss this in the detail in Section 4.

3.2 Backward SIML Smoothing

We investigate the role of the initial condition in the nonstationary process and
consider the situation when the time is reversed, that is, from n to 0, rather than
from 0 to n. We consider the nonstationary errors-in-variables model of (2.1), (2.9)

and (2.10) with the non-causal representation v; = ?:_Oo Cgv)el@j and v§"”’ =
0 el
j=—o0 ~j Ci-j-



We take the n x p matrix Y* = (y,_,) and set the np x 1 random vector
(Yo, -+, ¥, 1) . Given the initial condition y,,, we rewrite

(3.5) vee(Y3) ~ Noxp (1n - ¥y, 1, © 3y + C,C, @ %, )

where 1), = (1,---,1) and C,, is given by (2.4). (See (2.3) for Y,,.)
We use K* —transformation that from Y} to Z* (= (z})) by

(3.6) Z, =X, (Y, -Y;) K, =P;C ",

where Y = 1,7,

1 -1 0 0
0 1 -1 -+ 0

(3.7) cCl'=l0 0 1 -1 ,
o0 0 1 -1
00 0 0 1

nxn

and the (k, j)—th element of P} = (ngn)) is defined by

2 2w 1
3.8 = E— =
(3.8) Py n—l—ésm{Qn—{—l( 2)j

By using the spectral decomposition, C,'C;! = P*D,P*, and D,, is a diagonal

matrix with the k-th element dj, = 2[1 — COS(W(%))] (k=1,---,n) (see Lemma

A-1 in the Appendix). In our formulation of two transformations of (3.2) and (3.6),
we have the common latent roots both in the forward and backward smoothing

procedures as aj, (= di) = 4sin? [g @Zﬁ)} (k=1,---,n).

We consider the partial inversion of the transformed orthogonal processes. Let an
n X p matrix be

(3.9) X5(Qu) = C,PYQ,P:C7HYE — YY)
and B B
(3.10) Z: =P:C YUY =Y, Y=Y + X+ V',

where X* = (X:Yi)/) and V! = (v,_,) are the n x p matrices, and X" = %, —

X, (i=1,---,n).

The stochastic process Z;, is the orthogonal decomposition of the original time series
Y in the frequency domain, and Q, is an n X n filtering matrix. Because Y
consists of non-stationary time series, we need a special form of transformation K.

LGiven the initial condition y,,, we consider the joint distribution of (y;kl, e ,yé)/, while we
use y; (i =0,1,---,n) as the notation without making confusion..
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We provide an explicit form for the trend filtering procedure. Then, let the n x p
matrix be

(3.11) X;(m) = C,P, QP C, (Y, — Y})

n
and Q™ =7 J,..
We construct an estimator of n x p hidden state matrix X* only in the lower-
frequency parts by using the inverse transformation of Z} and by deleting the esti-
mated noise parts. In this notation, the corresponding hidden trend state is given

by

(3.12) X;(m) = C,P, QP C, X",
where X*(©) = (X:(O)l) is the hidden state matrix and X:(n) =x;—Xp (1 =0,---,n—1).

It corresponds to the inversion of the m low frequency parts of the hidden state
variables.

3.3 Initial Value Problem and Convergence

When dealing with non-stationary time series observations modeled as a random
walk, the initial value plays a crucial role due to the nature of non-stationarity.
This contrasts with stationary time series models, where the effect of the initial
value becomes asymptotically negligible as the sample size increases. Therefore,
it is important to develop a smoothing or filtering procedure for non-stationary
time series that minimizes dependence on the initial value. In the context of initial
values, two possibilities arise: yo and y, when we have n + 1 vector observations
yi (i=0,1,--+,n). In this problem, we have an interesting result.

We consider two operators Tt 2(21) and Té,@l(k > 1) to an n x 1 vector. Let Ty = I,
and define T2(,T_)1 and TQ(,T) recursively for k =1,---, M by

(3.13) T4, (y) = CuP.QUP,C;lly — L(e T3 (v))] + Lu(e T (y))
and

(3.14) Ty (y) = C\P, ' QUPLC, ly — Lu(e, T ()] + Lu(e, T3 () -
where Q™ =J J,., 1, = (1,---,1), and ] = (1,0,---,0) and e, = (0,---,0,1)
are n X 1 unit vectors.

The operator T 2(,2”_)1 (k > 1) is the forward SIML filering with the initial value y, at
i =0 and Tz(,T) (k > 1) is the backward filtering with the initial value at ¢ = n.

For non-stationary time series, two operators have different roles in smoothing pro-
cedure.

Let ¥ = (Yo, Y1, , Yn—1,Yn) be an (n+1) x 1 vector, and n x (n+ 1) choice matrices



J; =(0,1,) and J, = (I,,0). Then, we repeat the forward smoothing procedure
such that fory = J;y and k& > 1,

oy (y) = CP.+QP:C sy + I, — C.P,Q™P,C, "]

x1,e) [C,PLQIPLCT (1 — 1u(€, T3 () + Lu(e, T3y (v))] -
We also repeat the backward smoothing procedure such that for y = J,y and & > 1,

T () = C.P.QU"P,C,'5,§ +[L, — C,P.Q(P;,C,"]

x1,e, [C.P,QUP,C7" (I3 — 1.(e) 5" (y))) + Lu(e, T4 (y))] -

Then, we have the next proposition on the convergence of the smoothing procedure
and the proof is given in the Appendix.

Theorem 3.1 : As k — oo, for any even number m for 1 < m < n, we have

(3.15) T — T = (A Al
s=0

and .

(3.16) T — T = S (ALY) ALY
s=0

where

A" = C,P,Q("P,C.'J; +[I, - C,P,Q"P,C, " |1,¢,C,P; Q" P;C, ',

A" = [I,-C,P,Q"P,C,; "1, x [1 — e,C,P; QIP;C, ' 1,]e, .
AlY = C,PyQMP;C, T, + I, - C,P; QP C Y 1,e,C, P, Q" P, C, Ty,
Ay = L - CP QP C, "1, x [1 - €,C.P,Q" P, C, L e,

The absolute values of all eigenvalues of Aém) and Ag’:) are less than one. Then, we
can expresss

S(ATY) = (L, — AY) L S (AT = (L, - AY) L
s=0 s=0

Given that the initial value is the starting point of nonstationary time series, we
need to develop a smoothing procedure that does not depend on the initial value.
Practically, often we do want to use the procedure that does not depend on the first
or latest observation yg or y,. In these cases, it may be reasonable to use the TQ(T )
or T™ | respectively.



It may be interesting to find the difference between the forward smoothing and

backward smoothing. Let the two operators be H,, = (hg;)) =C,P,Q"™P,C; ! and
F, = (f1) = C.P*QMP*C/~1. Then, each term of A} and f are complicated
sums of trigonometric functions in the forward and backward SIML smoothing.
However, they are similar as we summarize in the next result. The proof is given in

the Appendix.

Theorem 3.2 : For any 6 > 0, we take m = [m,,] such that 0 < m,, < m.*° < n.
Then, as m,,/n — 0 and n — oo,

n

(3.17) (— )Tr[H, — F,] =0,

mLto
where the trace of an n x n matrix A = (a;;) is defined by Tr(A) = > a;;.

The total norm of two operators is O(m. /n), which is small in typical applications.
From this result, the backward SIML smoothing is essentially similar to the forward
smoothing when n is large. As we shall discuss in Section 4.2, it is a real (finite-
and discrete) Fourier transformation if we take that the time is reversed from n to
0, rather than from 0 to n.

3.4 Band Smoothing

We consider a general filtering based on K,, and K transformations and use the
inversion of some frequency parts of the random matrices Z,, and Z;. The leading
example is the seasonal frequency in the discrete time series, and we take s (> 1) as
a positive integer.

Let an mg X [my + mg + (n — my — my)] choice matrix be J,, 1, = (O, 1,,,, 0) (we
take my + my < n), and let also n X p matrices be

A~

(3.18) X, (mi,me) = CoPuJo o T ma PG (Y — Yo)
and A B
(3'19) X:xml? mQ) = C;LPZ,J/ml,ngmlmePizcln_l(Yn - Yn)

’

and an n X n matrix Q,, = Q%ml’m) = Jny ma i ma-

As an example in economic data, when we have the seasonal frequency s (> 1),
we can take my = [2n/s] — [m/2] and my = m. For instance, we take s = 4 for
the quarterly data and s = 12 for the monthly data. (See Kunitomo and Sato
(2021) for details.) In the same way to the trend smoothing problem, the SIML
forward-filtering is given by

(3'20) Xn(m17m2) — CnPan’uﬂm)PnC;lXS}) ’
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and the SIML backward-filtering is given by
(3.21) X (my,my) = C, PX Qimm2prC—1X* |

respectively, which are based on the estimated frequency components of XZ(O) (1 =
1--n)orxi™ (i=0,---,n—1).

In this case, we can define two operators T(ml’mZ) and T(m1 ™) for k=1,--- M as
(3.13) and (3.14) by using J,,, m,, rather than J.n. Then, it is straightforward to to

find the next proposition on the convergence of smoothing procedure, and the proof
is in the Appendix.

Theorem 3.3 : Let m; and mq are even numbers such that 1 < my; < mi+mgy < n.
As k — oo, we have

(3.22) T T = Y (AT AL
s=0

and N

(829 T S T < 3L AL
s=0

where

AT = € P, QU P, Cy

+ L = C,P. Q"™ P, C 1 1,e, G, PLQI™ ™ P C 7L,
A — (I, — C,P, QU™ ™)P,C YL, x [1 —e,C,PY QU mIPIC 1, e, |

Ang,mz) _ C P*le,mg)P C’ lJb
+ [I, - C, P Qimm)prC—11,e,C,P,Qm™)P, C 1],

n

Ay = L - CP, QP CL L, x (1 - e,CuPQU M P, C L L e,

n

and J¢ and J;, are used as Theorem 3.1.

The absolute values of all eigenvalues of A{™ "™ and A™™2) are less than one;
then, we can express

Z(Aémhmz))s _ (In . Agm1,m2))71 : Z(AgTth))S _ (In B Ag:ll,ﬂm))fl ‘

s=0 s=0
This result is useful for handling seasonality of economic time series, as an example.
Theorem 3.1 can be regarded as a special case of Theorem 3.3 when m; = 0 and

my = m. See Chapter 5 of Kunitomo and Sato (2024) for complicated use SIML
filters such as the seasonal adjustment.
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3.5 Multi-step Smoothing

In the forward and backward smoothing procedures, choosing an appropriate m is
important. However, this problem may become difficult when seasonal components
exist. Then, it may be normal to repeat smoothing because the forward and back-
ward smoothing several times, which may be called multi-stage smoothing, can be
run.

Let T. 2(,@1 be the first stage forward smoothing with a specific choice of m for
k=1,---,[n/2]. Then, we define the double-stage forward smoothing by

320 T < T,
Similarly, we define the double-stage backward smoothing by
329 rigm) < T

More complicated smoothing procedures can also exist. Hence, we need some cri-
terion to find an appropriate smoothing procedure for applications. Consequently,
handling complicated seasonal patterns in the frequency domain is possible, for in-
stance.

In real applications, finding an appropriate m or m; and msy at the beginning
might not be certain. The meaning of frequencies may leads to a guide on choosing
frequencies. In addition, at the first stage, one strategy in the trend estimation
would be to choose a relatively large mq, which should be less than the seasonality
frequency. Then, at the second stage, we choose msy, which is smaller than m; and
use the following evaluation criterion.

3.6 Prediction Errors and Evaluation Criteria

The problem of choosing an appropriate filtering, including the choice of m (or m;
and my in a more general case) in smoothing, is an important question for applica-
tions. Given that our procedure does not assume a particular distribution such as
Gaussianity and semi-parametric, it is a challenging problem. As we shall discuss
in the next section, our filtering method is based on the frequency interpretation.

In the present non-parametric setting, we consider the prediction error based on the
orthog;())nal process in the frequency domain and the resulting predictive criterion.

Let r;" = y](-n) - y](-ﬁ)l (j =1,---,n); hence we have the expression
(3.26) rﬁ”) = > DK%k,
k=1

12



where zj, is the orthogonal process at the frequency )\én) =(k—1/2)/2n+1) (k=
1,---,n).

Then, for 1 < j < n, it may be natural to use the information of m—low frequencies
and construct the estimator

(3.27)

>
<O~

: m) = ij,kzk )
k=1

which is a linear combination of m orthogonal processes with different frequencies.
Then, for h > 1, it may be reasonable to use the linear predictor

n+h n+h m
(3.28) a(m) = 30 #0(m) = 3 Y pa
s=h+1 s=h+1 k=1

Since we have ignored the information of the remaining (higher) frequencies of the
process (k = m + 1,---,n), by using (3.1) and (3.2), the prediction error can be
written as

(n) m n+h n n n+h n

~(n 1

K m) = x =3 3 Y pg(C VA + Y Y Y pg(CL Xy
k=1s=h+1j=1 k=m+1 s=h+1j=1

which can be simplified by an elementary evaluation such that

n+h 1 n4-h L 1
> el () (k=3)(s=3) 4 igiy (n+h) (k=3 )(S_i)]

Z Psk =
s=h+1 V£ 1 5= h+1
1 T (n+h)(k—3) —singZ5h(k - 3)
V2n +1 sin 5275 (k — 3) '

For an illustration, we consider the case when the noise terms of v; and vl(z) (1=
1,--+,n) are sequences of i.i.d. random variables and p = 1. (We take the variances
as 02 and o2, respectively.) By using a}, (k=1,---,m) in (2.8), we can derive the
prediction MSE as

2T 1

on + 1h(k_ )l

(n+ B)(k — 1) — sin =

2

40% T
MSE,, = ¢ i
o+ 1 2=

o2 o sing2i(n+ h)(k — %) —sin g2 h(k —3),
(329) +2 1 Z [ 27 1 k,_ 1 ] .
n+ sin 5 3( 2)

As a typical example, we set 02 = 2,02 = 1,h = 4,n = 100. The minimum value of
MSE is attained when m* = 23.

We have the trade-off of two terms in the predictive MSE. We notice that the first
term is an increasing function of m, while the second term is a decreasing function of

13



m. A point of m* exists such that M SE(m) is minimized. Several criteria based on
the prediction MSE could be developed by using (3.29). Because the prediction MSE
depends on the unknown parameters of o2 and o2 even when p = 1 and the i.i.d.
case, we must replace them in a simple manner. When p > 1, it would be possible to
extend the above argument. Form the above consideration on the predictive MSE of
state variables in this section, some method based on frequency domain in Section

4 may be practically important.

4. Frequency Domain Interpretation

4.1 On Spectral Representation and Likelihood

Let fa,(\) and f,(\) be the spectral density (p x p) matrices of Ax; and v; (i =
1,---,n). Then

s o o / " 1 1
(41) fv()\) — ( Z C‘gv)eQW’L}\j)Eg’U)( Z C§’l)) 6—27%/\]) (_5 S )\ S 5)
j=—00 j=—00
and - - ) .
(42) fo()\) _ ( Z C;-x)e2ﬂ-i)\j)2£$)( Z C;'x)/672ﬂ-i)\j) (_5 < A < 5) ’
j=—00 j=-—o0
where we set C(()v) = C(()x) = I, as normalizations and i = —1.

Then, the relation between the pxp spectral density matrix of the transformed vector
process, which are observable, and the spectral density of the observed difference
series Ay, (=y; — yi_1) can be represented as

(4.3) fay(N) = far(A) + (1 — ™M) £, (A) (1 — e 2™

We denote the long-run variance-covariance matrices of trend components and sta-
tionary components for g,h =1,---,p as

(4.4) 2, = fa.(0) (= (05) , o = £o(0) = (03 .

Let fR (), f5® (), and fg:R)(/\k) be the symmetrized p x p spectral matrices
of vi, s; and Ax; at Ay (= (k—3)/(2n+1)) for k = 1,---,n, that is, f5R(\,) =
(/2D ) + S5 )] and 57 () = (1/2)[857 ) + 857 (W) Then, we
find the relation (1 — €™ )(1 — e72™M%) = 2[1 — cos 2] = 4sin2[7r§n_é1}.

Since the orthogonal processes are approximately distributed as the Gaussian dis-
tribution, given the initial conditions (yo in the causal representation or y,, in the
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non-causal representation), (-2) times the conditional log-likelihood function in the
general model can be approximated as

(4.5) (~2)1,(8) = immaznfs”( O+ 7P|

Z [ap S O) + FEP ()] 2,

When VEI) and v; are mutually independent random variables, given the initial
conditions (yo or y,), (-2) times the conditional log-likelihood function an be ap-
proximated as (—2)1,(8) = Sr_, log |a}, 2, + Zu| + S0, zi[a}, S, + 2] 'z, and
0 is a vector of parameters.

As an application, by taking a positive integer m (= [m,,]) and m,, = n* (0 < a < 1),
Kunitomo and Sato (2021) proposed the SIML estimator of 3. by

(4.6) Xosir = Z 247, -

It has consistency when 0 < o < 1 and the asymptotic normality when 0 < o < .8
as n — 0.

In the forward smoothing, we may use the causal MA representation of the sta-
tionary process and discussed its interpretation in their Section 5. In the backward
smoothing, we need the non-causal MA representation of the stationary process. For
causal and non-causal MA models, we refer to Chapter 4 of Brockwell and Davis

(1990).

4.2 Frequency Decomposition

At first glance, the SIML smoothing method might appear to be an ad-hoc sta-
tistical procedure lacking a solid mathematical foundation. However, upon closer
examination, we can establish a robust statistical basis for this method. The justifi-
cation for SIML smoothing deviates from the standard approaches commonly used
in traditional time series analysis in the frequency domain. (For related discussions,
see Doob (1953), Brockwell and Davis (1990), and their extensions to nonstationary
processes, including Brillinger and Hatanaka (1969) and Brillinger (1980).)

For )\,(gn) =(k-1/2)/2n+1) (k=1,---,n), from (2.5) and (3.6), we rewrite

" 2 1
4.7 2 A™) =S [ cos2mA™M (5 — =
( ) k’(k) j:1j[\/m [Wk(] 2)]
where r§~n) = yj(»n) — yyi)l (j =1,---,n) with the initial condition y,, and

sin[27r)\,(€n)j}

n 2
18 L) Z 3 e 2
(4.8) zi.( A ) j:1r]—1[ o 1 1
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where rg@f = ygn)l y§ ™ (j=1,---,n) with the initial condition y,.

The situation is that under the assumption of (4.1)-(4.3), both r§-n) and rg-n)* are
stationary processes with the spectral density, which are consistent with (4.7)-(4.8).
Then, by using the inversion transformations with P,, and P}, we find that

They Correspond to the representation of R,, = (rgn),) = C;'X,(Q) with Q,, = I,,
and R = (i) = c-1x» (Q*) with Qf = I, respectively. Then, by using

Y, =C, R and Y: = C R, , we recover the nonstationary processes given the
initial condition as y,g " = yo+ >t r(™ and yg =y, + 3 t+1 Z(ng

In the statistical time series analysis, a set of observation is regarded as a realization
of stochastic proces with discrete time as j = 1,---,n (the time interval is fixed)
while the spectral density matrix is represented in the continuous frequency variable
A€ [0, %], some care should be necessary to interpret our smoothing (or filtering)
method.

Define the coefficients as

L. 11 a1
(4.10) (A5 — 5=~ > [2cos2nA (G — 3]
k=1
and m
(4.11) Ba(A) ) = = " [2sin 2w ALY ]
n,3

where A/ = (k — 1)/(2n + 1) and A7) = m/(2n + 1) (k,m = 1,---,n). By uti-
hzmg some trlgonometrlc relations, we obtain (A1) 5) = 2sin 27[m/(2n+1)](j —
2)/[2sinm (j— % )/(2n+1)] and B, (A, §) = 2[1—cos(27mj/(2n+1))]/[2sin7j /(2n+

)] When M\ — X as n — oo (O<)\< 1), we find
: .
(AT j ;> La(h ) = 281nﬂ27(rj)\_(];>— 3)]
and .
Ba0G.5) = ) = B2
respectively.

If we set the stochastic processes of uncorrelated increments with continuous param—
eter)\(0<)\<1) as Apy(A) =X a(\j—3)r ™) and B, (A ):Z? LB ) ;knl :

Ly
then dA,(X) = 4[X7_, (cos 2mA(j—3))r ”)]d/\ and dB,,(\) = 4[X77_, (sin 27 \j)r; “dA.
Hence, we find

(4.12) | cos[QWA(s—;)]dAn()\):rg”) (s5=1,---.m).



and
1

(4.13) / ? sin2mAsdBy(\) = £ (s =1,---.n)
0

respectively.

They correspond to the continuous representation of a discrete (real-valued) station-
ary time series in the frequency domain (refer to Chapter 7.4 of Anderson (1971)).
If we write the limits of A = lim, . A,(A\) and B = lim, .., B,(\) (assuming
that they exist), then the (real-valued) spectral distribution matrix Fgg for any
0 < A1 < A2 <1/2 can be defined as

Frs(ha— M) = E[(AQs—X)AMN —M\) ] =E[BM — M)BMa — A1)
-/ A Frs(\)dA

IN

if Frg is absolutely continuous and the matrix-valued density process frs(A) (0
A1 < Ag < 1/2) exists.

We set R,(m) = #™™) = C1X,(m) and ™" are p x 1 vectors for i =

)

.--,n in the forward filter. Also we set R*(m) = (f"-‘(m’n),) = C'X*(m) and

f(m’n) are p x 1 vectors for ¢ = 1,---,n in the backward filter. Because f{n(m) =

C'P,Q"Z, and R*(m) = C'P*QMZ*, we may write

1
r

(4.14) 2 =3 paz(\) (s=1,--,m;0 <m <n),
k=1

and .

(4.15) primn) - Zp:kz,’g()\,(:)) (s=1,---,m;0 <m < n).
k=1

For the trend-cycle smothing with [1,m] (1 < m < n) and A(™ = m/(2n + 1) (~
(1/2)(m/n) in the low frequency, which corresponds to the maximum frequency of
the trend-cycle part of the time series. Then (4.14) and (4.15) correspond to

Al 1
(4.16) £ (0, A7) = / cos[27A (s = 5)]dAn(A)
0
and
Al
(4.17) ™ (0, \(™)) = / sin[27\ s]dB, (M) |
0

respectively, where A, (\) = >X7_; a(A,j — %)rg-n) and B,(\) = X7, B()\,j)r;(_nl) .
Thus, we have an analogous interpretation of each term as the trend-cycle filtering

representation of orthogonal processes.
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Similarly, for the band smoothing with [m; + 1,m1 +ms] (1 < my < my +mg < n),
we set

( D e (mam) _ plmm)
slmi,man) __ ~(ma,n ~lmi,n
s - Z pSkz ) ry Fe1
k=m1+1
and
( I () = rlmam) _ gelmn
~¥(mi,ma,n) (n __ o~k(ma,n ~x(mi,n
e g - Z pskzk ) - rs—l — T
k=m1+1
(s =1,---,m;0 < m; < my < n). Then, we have an analogous interpretation

of each term as the band filtering representation of orthogonal processes. They
correspond to

(nx)

AL 1
(4.18) (M (A Ay = /A oy OS2\ (5 = )AL ()
mi
and -
Ay
(4.19) (A0, Ay = / " Sin[2m s]dBa()) -
Ay

In this way, it is possible to interpret the smoothing method from the frequency
domain of the multivariate time series.

5. A Numerical Example

We applied the SIML-forward and SIML-backward smoothing methods to the
monthly U.S. Manufacturers’ new orders data from 2010 to 2020 to illustrate their
effectiveness. This dataset is well-suited for demonstrating our methodology due to
its nonstationary nature, combining trends, strong seasonal fluctuations, noise, and
occasional abrupt changes, including potential outliers. These characteristics make
it critical to investigate the effects of initial conditions on the smoothing results,
particularly when dealing with economic time series. Figures 1 and 2 display the
original data, serving as a reference for the smoothing outcomes.

In the forward smoothing results, the red curve in Figure 1 represents the
smoothed series using the first observation as the initial condition (m = 5). The
green curve shows 77, the limit obtained through forward-backward iterations, while
the violet curve corresponds to a two-step forward filtering process where the first
smoothing used m; = 15 and the second smoothing used m = 5. Similarly, in
the backward smoothing results shown in Figure 2, the blue curve represents the
smoothed series using the last observation as the initial condition m = 5), the sky-
blue curve shows 75, the limit obtained through backward-backward iterations, and
the violet curve corresponds to a two-step backward filtering process with m; = 15
for the first smoothing and my = 5 for the second smoothing.

The analysis reveals that the initial conditions for both forward and backward
smoothing have a significant impact on the smoothed time series near the starting
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Forward Filter (m=5)

300000 320000 340000 360000 380000 400000 420000

2010 2012 2014 2016 2018 2020
—T_1(y), T_14(y),
mm T 1,1(y) (two—step,m1=15m2=5)

Figure 1: Forward filtering results for monthly US Manufacturers’ New Orders from 2010 to
2020. (https://www.census.gov/manufacturing/m3/index.html)

points. However, as iterations are repeated or multi-step smoothing is applied,
the influence of the initial values diminishes. After a few steps, the differences
between the forward and backward smoothing results become negligible for practical
purposes. This observation aligns with the theoretical findings discussed in Section
3 regarding the impact of initial conditions on SIML smoothing.

The U.S. Manufacturers’ new orders data provided an extreme case where the ef-
fects of initial conditions were particularly pronounced. However, in many empirical
applications, the forward and backward smoothing procedures yield similar results
without requiring additional iterations. This consistency underscores the robustness
of the SIML smoothing methods for handling complex time series with trend, cycle,
seasonal component, and noise.
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Backward Filter (m=5)

300000 320000 340000 360000 380000 400000 420000

2010 2012 2014 2016 2018 2020
- T_2(y) (T_1=), T_2%(y),
w0 T_2,2(y) (two-step,m1=15m2=5)

Figure 2: Backward filtering results for monthly US Manufacturers’ New Orders from 2010 to
2020. (https://www.census.gov/manufacturing/m3/index.html)

6 Detecting Recent Hidden Change Point

6.1 A Simple Case

We consider the problem of detecting recent breaks in time series. In the standard
time analysis, it is often difficult to distinguish the structural breaks and temporal
irregular noise components based on the observed noisy non-stationary time series.
We propose to use the state estimation and filtering based on the SIML method.
For the simplicity, we consider the case when p = 1 and the basic non-stationary
errors-in-variables model in this subsection.

For an n x 1 vector a,(1) = e, — e,_1, we denote the difference of the state
variable followed by I(1) process, a, (1) X,, = 2, — 2,_1, where n x 1 state vector is
given as X,, = (z;),i=1,---,n.

To estimate the recent change of the true state variable, it is useful to investigate
whether the estimated difference is larger than the usual quantity. For this purpose,
first we use the estimator based on the forward filtering of X, as

N /

(6.1) APz, o =a,_,(1)

where h is a fixed nonnegative integer.
By using a,(1)C,, = e,, we investigate the asymptotic properties of the statistic

n’

AWz, it is asymptotically normal. We summarize the result.

Proposition 6.1 : In the basic non-stationary errors-in variables model (p=1)
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where Az; = x; — ;-1 = UZ@ and v; (i = 1,---,n are i.i.d. random variables with

E[vz@] = E[v;]0, E[(vl@))ﬂ = 02 and E[v?] = 0%. As m,n — oo and m/n — 0

_ 3 7AW d
(6.2) Win-n = [m(ﬁ)ﬁ Tn—n — N(0, fay(0)) ,

where h is a (fixed) non-negative integer and fa,(0) is the spectral density of Ay,
at A =0.

Given the initial condition yg, it is possible to estimate the value of the spectral
density at A = 0 by using the data Ay; (i =1,---,n).
Then, the t-type statistic can be defined by

Wen
fAy(O)

When n is large, the distribution of this statistic follows approximately as N (0, 1).
It is important notice that we do not assume a particular underlying distribution
and it is a non-parametric method of detecting recent structural changes.

(6.3) T, =

WhenAw, is a sequence of i.i.d. random variables, we have Var[Ay] = o2 + 202.
Then, the spectral density at zero frequency becomes the volatility of y as fa,(0) =
o2

In many macroeconomic variables, we occasionally observe jumps in the data.
However, it is often challenging to determine whether these jumps are merely ir-
regular temporal noise or the onset of a significant break or shift in the trend-cycle
component of the time series. If the observed jump represents a change point mark-
ing the beginning of a new trend, the series will not revert to its original trend-cycle
components. In such cases, the following result is useful for detecting breaks in time
series data. Then, the next result is useful to detect breaks of time series.

Proposition 6.2 : In the basic non-stationary errors-in variables model, as m,n —

oo and m/n — 0,
Sh W3,

(64) k=0"Y fmn—k d

s W

where & is a non-gegative (fixed) integer, ¢(h) = S¢_, k2, and fa,(0) is a consistent
estimate of the spectral density of Ay, at zero frequency.

If we take h = 0 and ¢(0) = 1, it corresponds to detect breaks at one time n. When
there is a structural break in the trend-cycle components, the effects continue. In
this sense, it would be desirable take several periods as h > 1. The approximation
reported in Proposition 6.2 is reasonable when h is not large (¢(0) = 1,¢(1) =
5,¢(1) = 14,---. Whever, we expect that when h is large, the power of detecting
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structural change becomes low.

Next, we consider the estimation of the hidden state variable based on the
backward-filtering. Let the forward-filtering estimate of the state at the period
n—h (h>0)be APz, , and the backward-filtering estimate of the state at the
period n — h (h > 0) be A®g Then, it is possible to use the statistic

~

dyp—p = A(b)xnfh - A(f)xnfh .

Because the difference of the state variable, which is an I(1)-process, can be writ-
ten as a,_p(1)' X, = 2p_p — Tp_p_1, we define the backward-filtering estimate as

AOg, = —a, ,(1) X" = iflblh - iflblh_l, we have the following result. 2.

Proposition 6.3 : Let h be a positive integer. In the basic non-stationary errors-in
variables model (p=1) as Proposition 6.1. As m,n — oo and m/n — 0,

1. n

(6.5) Winon =/ () Az, =5 N(0, fa,(0))

m

where fa,(0) is the spectral density of Ay, at A = 0.
(ii) As n — oo and m/n — 0,

1

(6.6) Wi =\ (5) () == N(0, f2,(0)) -

n
m
(iii) As m,n — oo, m/n — 0,

h 2
> k=0 Wb,f,n—k d

(6.7) thy(O)

X*(1) .

Although the asymptotic distributions of two statistics have the same form, they
can be considerably different because the second statistic incorporates both forward-
backward information. Then, the power of detecting change points may be larger
than the first one.

There can be many ways to combine the forward-filtering and the backward-filtering
such as the multi-step filtering. Let the number of frequencies in the forward-filtering

2In the backward-filtering method, the initial period is » and the asymptotic behavior is different
from A(b)xn = jglf ) _ i:flbll. The exact distribution of yy(lf ) _ yflbzl depends on the initial conditions

and noise at n.
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be my and the number of frequencies in the backward-filtering be ms, and we denote
the resulting statistic as A®)x,,_,. We assume the condition

(Condition A) ™ e (0<e<).
n

Let h be a positive integer. In the basic non-stationary errors-in variables model,
assume (Condition A) and mg,n — oo. Then, the asymptotic distribution of

Wsn—n = ,/(%)(%Z)A(s)xn_h can be written as N (0, v, fa,(0)), where fa,(0) is the

spectral density of Ay, at A =0,

1
(6.8) vn =1+ 2a(™2) | = / (5 5%),

n Sin 213

See the Appendix for the derivation.

The constant a depends on ¢ such that

1.2 cosgc
= —[— —(1— .
“ 27r<singc) ( C)]

When ¢ =0 or ¢c=1, v, =1 because a = 0.

6.2 The General Case
In the general case of (2.1) and (2.2) with p = 1, let y; = x; + v;, Ax; = v

Y

and v;(¢ = 0,1,---,n). The noise component and the state variables component
VZ(I) (= Ax;) are sequences of the stationary processes satisfying
e}

(6.9) vi= Y, Cg-”)e(_)

j=—o00
and -
(6.10) vi? = 3 cel |

j=—00
where eEU) and el( ") are sequences of i.i.d. random variables with E(e EU)) = E(egx)) =

0, E(e”e”) = =) and E(e/”e!”) = ).
For normalization we use C") = C{*) = I,. The p x p coefficient matrices Cgv) and

ng) (7 = —1,0,1,--+) in (6.9) and (6.10) are absolutely summable such that
" ||c<” H < oo and z]_,oo IC|| < oo, where [[CY|| = maxy 1., |7 ()]
for Cl” = (c)(5)) and [|CS7]| = maxy =1 ..., |7} (5)] for CF = (¢} (4)), respec-

tively. The measurement error vector v; may include the seasonal component s;
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when the main interest is to understand the trend factors as the state vector in the
low frequency part, which is less than a year.

Alternatively, the state variables Ax; (= v

nents satisfying s; = 372 ng’-)eﬁi)sj

vectors with E(e!) = 0 and E(e{”e!) = =) (the coefficients CS-) are absolutely

) may include the seasonal compo-
(s >2) and e!” is a sequence of i.i.d. random

summable 35 |\C§-S)|| < 00).

The above formulation of (4.1) and (4.2) includes the non-stationary errors-
in-variables model with the causal representation v; = 3372, Cgv)ez(ﬁ)j , v§””) =
>3 ng)egf)j, and the non-causal representation v, = ¥7__ Cgv)el@j v =

)OI Cgfr)egf)j, respectively, in (6.9) and (6.10).
In the general non-stationary errors-in-variables model with p = 1, Proposition

6.1 for the forward filtering method can be extended as follows.

Theorem 6.4 : In the general non-stationary errors-in-variables model given by
(2.1) and (2.2), as m,n — oo and m/n — 0,

5ot

(6.11) Win = \J [m](m3)5$n7h ~45 N(0, fay(0))

where fa,(0) is the spectral density of Ay, at A = 0.

Propositions 6.3 for the backward-forward filtering methods can be extended as
follows.

Theorem 6.5 : In the general non-stationary errors-in variables model with p =1
given by (2.1) and (2.2), as m,n — oo and m/n — 0,

1. n

(6.12) Wi =/ () Az, =5 N(0, f2,(0))

m

where fa,(0) is the spectral density of Ay, at A = 0.
(ii) As n — oo and m/n — 0,

(6.13) Wi = 1 () ()~ N(O, f2,(0)

n
2°°m
(iii) As m,n — oo, m/n — 0,

h 2
Y=o Wo -k d

(6.14) NG L3 .
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6.3 An Application of Macroconsumption

As an example, we applied the SIML-forward and SIML-backward filtering methods
to analyze real final consumption (shouhi) data published by the Cabinet Office
of Japan, covering the period from 1994Q1 to 2020Q4. The analysis focuses on
the period from 2020Q1 to 2020Q4, as the COVID-19 pandemic caused significant
disruptions. In particular, macroeconomic consumption exhibited a sharp decline
in 2020Q2, followed by a gradual recovery. However, it took considerable time to
return to pre-pandemic levels.

For this analysis, we set m = [n/6], corresponding to trend-cycle components
with cycles longer than three years. This choice ensures that the hidden trend
variables are defined in the low-frequency range. The red curves in Figures 6.1 and
6.2 show the estimated results of the forward-filtering procedure.

Table 6.1 : t-statistic in the forward-filtering

h/Period | 2019Q3 2023Q4 2020Q1 2020Q2 2020Q3 2020Q4 2021Q1 2021Q2
h=0 0.295 0.170 -0.275  -2.217  -2.556  -2.435  -2.119  -1.702
h=1 0.247 0.131 -0.277  -2.0564  -2.232  -1.963 -1.602  -1.098
h=2 0.179 0.075 -0.276  -1.802  -2.082  -1.923  -1.725 = -1.447
h=3 0.105 0.015 -0.267  -1.486  -1.722  -1.545  -1.432  -1.253
Table 6.2 : t-statistic in the backward-filtering
h/Period | 2019Q3 2023Q4 2020Q1 2020Q2 2020Q3 2020Q4 2021Q1 2021Q2
h=0 0.140 -0.105  -0.712  -3.153  -2.937  -1.542  -0.925 -0.464
h=1 0.0996  -0.074  -0.579  -2.734  -2.720 -1.846  -1.450  -1.097
h=2 0.053 -0.041  -0.419  -2.193  -2.430 -2.189  -2.074  -1.867
h=3 0.016 -0.014  -0.268  -1.612  -2.097 -2.468 -2.644 -2.602

Tables 6.1 and 6.2 summarize the t-statistics obtained from the forward and back-
ward filtering methods, respectively. These statistics were calculated using data
sequentially for the periods 1994Q12020Q1, 1994Q12020Q2, 1994Q12020Q3, and
1994Q12020Q4. The standard errors were derived based on the asymptotic distri-
butions described in Propositions 6.1 and 6.3. An estimate of f(Ay,) was obtained
as 62 = =3, 27, (See Chapter 2 of Kunitomo and Sato (2024).)

The following observations are noteworthy: (i) The forward filtering method
(6.2) detected a significant structural break in hidden consumption during 2020Q2,
as evidenced by the t—statistics. Subsequent t-values remained significant, reflecting
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the lasting effects of state variable estimation. (ii) The backward filtering method
(6.5) also identified a significant structural break in 2020Q2. However, the influence
of state variable estimation diminished in later periods, suggesting that the effects of
the initial conditions do not persist for long durations. Figures 3-6 show the original
series and estimated trends for each analyzed period. These results underscore
the practical applicability of the SIML method in identifying structural breaks and
understanding long-term trends in economic time series.

These results confirm the ability of both forward and backward filterings to
detect recent change points in macroeconomic data

7. Conclusions

When observed nonstationary time series contain noise, disentangling the effects of
trends, cycles, and noise from the original data can be challenging, particularly when
the sample size is small, as is often the case with major macroeconomic time series.
This study introduces a new statistical smoothing procedure designed to decompose
time series into nonstationary trend, seasonal, and stationary noise (or measurement
error) components.

The proposed smoothing or filtering method for nonstationary series is simple
and does not rely on the underlying distributions of the noise or the state vector.
As a result, it is robust against potential misspecifications in the nonstationary time
series models, making it a reliable tool for practical applications.

It is worth noting that, while there has been extensive research on structural
breaks in statistical time series, relatively few studies have focused on detecting re-
cent structural breaks in noisy nonstationary time series. This gap highlights the
importance of methods capable of identifying such breaks effectively. To demon-
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strate the practical utility of the proposed method, we provide an empirical exam-
ples using macroeconomic data in Japan. The recent example suggests that our
approach is valuable for interpreting macroeconomic data and improving seasonal
adjustment procedures.
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APPENDIX : Mathematical Derivations

We present here some details of derivations that we have omitted in the previous
sections. Most of our derivations is to apply trigonometric relations, which are
mathematically elementary and straightforward. Hence, we show only the essential
parts of derivations, and first prepare a key lemma on the characteristic roots and
eigen vectors of a patterned matrix, Then, we show the proof of theorems.

Lemma A.1: (i) Define n x n matrices A,, and A* by

1 1 0 --- 0
1 1 0 1 --- 0
(A1) Av=5]0 1 0 1
0 O 0 1
0 0O 1 0
and
0 1 0 0
1 1 0 1 --- 0
(A.2) A=5|0 1 1
o o0 --- 0 1
O --- 0 1 1
Then, cos W(gf’;ﬁ) (k =1,---,n) are eigen-values of A, and A’ and their eigen-
vectors are
coslr ()1 = Y] | [ sinfr(2h1
cos|m(2==)(2 — = sin|m(5==)2
a3) S Ll I e e TR}
Cos[ﬂ(gﬁﬁ)(n %)] sm[ﬂ(gﬁj)n]



respectively.
(ii) We have the spectral decompositions

(A.4) C;'C'=P,D,P, =2I, —2A, ,
and
(A.5) C'C;!=P/D,P; =21, — 2A"

where P* is the matrix consisting of eigen-vectors in (A.2), D,, is a diagonal matrix
with the k—th element

2k —1
(A.6) dp =2 1—cos(7r(2n+1)) (k=1,---,n),
1 -1 0 0
o 1 -1 --- 0
(A7) cCl'=]0 0 1 -1
o 0 o0 1 -1
o 0 0 0 1

and the (k, j)—the element of P,, = (py;) and P}, = (p;;) are given by

" e ﬁ - b G-

and

. 2 27 1. .
(A4.9) p’“j:\n+§81n[2n+1(k_2)]} '

Proof of Lemma A.1: The proof of A¥ is a direct calculation and we omit
the proof for A,, because it is essentially the same.

(i) Let A, = (aj;) (4,5 = 1,---,n) and an n x 1 vector x = (v;) (t = 1,---,n)
satisfying A’x = Ax . Then,

)

? = )\I’l )

Ti—1 + Ty
(A.10) S = (=2, - 1)

1

5[95”,1 + x| = Az
Let & (i = 1,2) be the solutions of £ — 20§ + 1 = 0. Because 2\ = & + & and
€& = 1, we have the solution as z; = ¢;&8 + ;" (t=1,---,n) and ¢; (i = 1) are

real constants. The first equation implies 0 = ¢;62 4 672 — (& + &) (1€ + e ),
and ¢; +cy = 0. Then, we find that x; = ¢;[¢} — £], and the third equation implies
(€ +1)(1 — &) = 0. Because &, # 1, we find that " = —1 = ™%~ for any
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positive integer k.
Then,

2k —1
(A.11) A, = cos[m

—1.... )
) (= Lem)

By taking ¢; = (1/2i), the elements of the characteristic vectors of A* with cos[m(2k—
1)/(2n + 1)] are

1 2k —1
(A.12) =g {5{ - 5;1‘} = sin [7? t] .

2n—+1

(ii) The rest of the proof involves the standard arguments of spectral decomposition
in linear algebra. Q.E.D.

Proof of Theorem 3.1 :

(Step I)
We consider the case of T 2(,@1 (k > 1). By using the recursive relations, for k& > 1

we represent
(A.13) T2(Z-L+)1 = Agm) + Agm)TQ(lT—)l ;

where an n x n matrix A™ is defined by

/ /

(A.14) A =1, - c,P,J. J,P,.C.V1,e, (1, — C.P’J J,,P:C l.e, .

Then, we consider the characteristic roots of the coefficient matrix Aém). Because
the rank of Agm) is one, there are n — 1 zero roots and one non-zero root, which is

! ’

(A.15)ay, = e, (I,-C,P,J J,P,C:")1,e (I, -C,P:J

1-1P,J J.P.e][l—1,P"J J,.Ple,].

J.P:C1)1,

(We have used the relations as e, C, = 1, and e,C,, = 1,.)

By using the relation 1 — 1, P,J J,P,e; = 1P,  J, .P.e for J,_,, =
(0,1—) ((n —m) x [m + (n —m)] matrix), we evaluate two terms in (A.15).
The first term of (A.15) becomes

2 5 < n 2 . 1 1 27 1 1
- — — — — —)(1 - =

which is less than 1. We show this key fact in the following. We take the summation
with respect to n as

2 o Sing(k— e 2 1 1
[2n+ 1] > sin2 i1 ; _21) | x cos T 1(k — 5)(1 - 5)]
k=m+1 2n+1 2
and the relation
1 1 1
sin 2n7:— 1(k' — 5)[2n+ 1—1] =sinw(k — i)cos 2n7:— 1(k — 5) )
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Then the first term of (A.15) becomes

[cos

2n+1( 2
2n—|—1 Z s1n7rk:—f) [ = ].

sin g

By using the facts that (i) sinw(k—3) takes +1 and —1 alternatively, (i) the absolute

[cos 57 (k—3))
value of %
2n+1 2

n o 2 1 1 o 1 1
i~ )k — = k—-)(1—2) =1
% E,: 571:0052n+1(J 5 (k=) x cos oo (k= 5)(1 = 5]

(See Lemma A.2 below), then, 1;PRJ;_mJn_mPne1 is less than one.
Similarly, for the second term of (A.14), we use

is a monotone decreasing for k =1,---,n and (iii)

1-1.P"J J,Pie,]=1PJ J. . .Ple,.

n- nvn—mvn

Then, the second term of (A.15) becomes

2 1 2T 1

2 & " . = . . = .
P33 gk Ljsing T (n = )5

which is less than 1. In this evaluation, we utilized the relations (i)

;27w L 27T
" 27 1 1 e+ 4 e ot — 2
A.16 sin——(k—=)] = ———— ——
( ) ]Cz::l 2n + 1( 2)j 20 imEiiT — o imis
_ 11 — Cos 2311]'71
2 2n11j§
(ii) 1 — cos 5225 jn = 12— cosmjcos g =1 — (—1)j cos ey and (111) for 2(n - |
1/2) = (2n+1)—2, sin an_l(n—*)j = [~ cos mj]sin 2n+1] = 2[— cos 7j|[sin 2;1]][005 Qn:_lj] .
Then, the second term becomes
[ 1 ]Zn: Zn: (=11 — (=1)? cos ] cos J-
2n+ 1"/ .° 2n +1 2n +1
=1j=m+1
Since for any odd number j and 1 < j < n, [1 + cos 575 j]cos 575 > 1 —
cos 575 (J + 1)] cos 5 +1(] + 1), for any even muber m, we have Y7, (=11 —
(—1) smr1J] €08 5557 > 0. Then, by using the fact
2 L - w 27 1 2T 1
: po Ly _Ly
[ n+%] k;j;l[sm o1k gising = (n =)



(see Lemma A.2 below), 1,P*J._J, P e, is less than one.

Because each term of (A.15) is less than one, we have |ay,| < 1. Then, by using

(A.13), we have convergence of To,1 as k — oc.

Lemma A.2: Let p,(g») = nil cos [2511(143 -0 - %)} and

ngn) / +1 sin [%H(k—f) } for k,7=1,---,n. Then, for any a,b=1,---,n

(A17> zn:i: ka kb _ZZ kn) *n)_ 9

a=1k=1

Proof of Lemma A.2: We use the orthogonal relations such that for any
Cl,b: 17”'7”7

(A.18) Zpkapkb _Zpka kb =d(a,b) ,
k=1

where d(a,a) = 1 and §(a,b) = 0 for any a # b. Then we have the result.
Q.E.D.

(Step II)
We can apply the similar arguments to TQ(,T) (k > 1). By using the recursive
relations, for £ > 1 we can represent

(A.19) TQ(ZL) = A + ALYT, (k) 1)

where Al* and AQ* are n X n matrices as defined in Theorem 3.1. By evaluating
the eigenvalues of AQ* , we find that the absolute value of eigenvalues are less than
one, and we have convergence of T: 2(,7:) as k — oo.

(Q.E.D.)
Proof of Theorem 3.2:

Our proof is the direct evaluation of trace of H,, and F,, by using the trigonometric
relations, which are elementary. We utilize the fact that Tr(H,) = Tr(PnQ™P,,)
and Tr(F,) = Tr(PYQUP:). We set HY = (h%,) = P,QUP, and F: = (f%,) =
P¥QU™P*. From (2.7) and (3.8),

L 4 LR 2 1 1
A2 E ]’L* = E E - — A P
4 LR | 1 1
— DI -
2n+1a:1]:12[ Teos g e i =3

By taking the summation w.r.t. a first, we find

2n+1
4

*
haa
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2 j=la=1 2
. mn N 1 fj[eimﬂl(jé (1—e gy (i—3)n ) N 6*1#11(1*%)%(1 _ eigﬂl(jé)n)]
2 4 = 1 — ¢imirt—2) 1 — e iminl—3)
mn 1m 1— 61#11(]*%)" 1— efiﬁ(jfé)n
= — +- — , + —= ;
2 4;[6 23+1(3 2) —e 2n+1('7 2) e 2n+1(] %) — e~ 2n+1('7 2)]
_ mn li sin 2211 (j—3)n
2 45 sin 2311 (j—3)
+ (7 — f)n = sin7[(2j — 1 — ;{;i)] = [—cosm(2j — 1)][sinm(2) —
1)/(2n+1)] and —cos7(2j — 1) = 1 for any positive integer j, we have
2n+1 mn = m
A21 h = —
Similarly,
n o 4 moop 1,
az::lfaa 2n+1az:1j2::1[81n2n+1( _2)]]
4 LB | 47 1
- _Z
2n+1;;2[ 8 o 1@ 3]

2n+1 mn m
A.22 == .
( ) 4 a;- faa 2 4
Because Tr[H,, — F,,] = >0 [k, — f.], we have the result.

Proof of Theorem 3.3 :
The proof is basically the same as Theorem 3.1. We replace Q™ = J J,, by

Q(m1,m2) — Jml mg']ml,mz'
Consider TQ,Z:IW) = A{mma) o pfmema)pimuma) S ppen the non-zero eigenvalue of

Agml’m) is

as, = €,(I, — C,PuJ 0 Ty s PnCr) e (L, — CLPL T 0 T, PRCLTH,
= 1-1,P.J, T Peel][l = 1L, PLT T, 0, Ple) .

In this case, we use the relation
1-1,PJ, T mPeer] = 1,P,J J,.P.e

mi,mso

+ 1 P Jm1+m2+1 nJm1+m2+1,nPne1
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and

! i

1-1,PJ 2

* _ *
n-n ml,ngmlamanen] - 1 JmaneTb

’

*/ *
Pn Jm1+m2+l,nJm1+m2+1,nPnen .

Then, by using the same argument as the proof of Theorem 3.1 and Lemma A.2,
we find that the absolute values of the eigenvalues of A{™ ™) and A{™"™) are less
than one when m; and my are even numbers. Then, we have the convergence of the

repeated smoothing procedures.

(Q.E.D.)

Proof of Proposition 6.1 :

We consider the case when Az; = v; — x,_1 = vz-(v) and v; (t = 4,---,n) are i.i.d.
sequences. We set the initial conditions xqg = vy = 0 for the convenience and take h
as a fixed non-negative integer.

Let X = X1 nn + Xonn (h=0,1,---,n), where

L 2m 1 1 2m 1 1
Xipn=>[> —h=)G-= = )i — =)o

i=1 j=1

and

non 2T 1., 1 20, 1., 1
Xopon = [>_ cos ST 1(n —h— 5)(] - 5) cos o 1(] - 5)(@ - 5)]Av,~ .

i=1 j=1

We first evaluate the variance of the first term

Var(X,, 4] = oY > —h—2)(j - = V(i — =)
ar[ Xy ] o 2 [j:10082n+1(n 2)(J 2C052n+1(] 2)(Z 2)}
U 2 1 1 2 1. .
= g@2 h—=)i—Z= h— = _Z
g jjzzlcoszn+1(n U —gleosg == 5
o 1 1 or ., 1 1

We use the orthogonal relation

>~ cosl T (= )i = )] X cosly (7 = )= )] = 6.5 + 4]

Then, we need to evaluate

3

1 m
Var[X,, ] = c@?[ + 1] > [cos



Because 2(n — h — 1/2) = 2n 4+ 1 — 2(h + 1), we use the trigonometric relation

cos 522 (n—h—3)(j — %) = cosm[l — 2521? (j— 1)) =sinm(j — L) sinmw(h+ 1) 2%

When m/n — 0 as n — oo,

n 2T 1., 1 UL 25 —1
—h—2)§i-2) = h+1 2
Sleong g —h= U = Yl 15 ]
T LR B
~ [=(h+1]? s
L+ 0
[7r2(h+1)2]@
3 n?
and, then

w2 (h + 1)2)@3

Var[X,,_p] ~ @3 5 :
n

Because the spectral decomposition of C;'C/~! = P, D, P,,, we have

Then, the variance of the second term is

m 2 | | 725 —1
Var[Xs, 4] = o) —h—2)(j — =) x dsin?[=
i m(h+1) 5 o 2j — 1
— 4x Y 1 T
X2 lsin 5 T (B = D) esinl o )

Hence, for their variance of X,,_j the first term is dominant and the order of the
variance becomes

3 n

VarlIVy, ] ~ (2[VarlX,o) * [0

Mgy 2
m) ] OAz
when n,m (= m,) — oo and m/n — 0.

By using CLT to /25 X1, ,» = X7, al™ o since the coefficients af™™ ¢ =

1,---,n are small as n, m — oo while m,, — 0,, we have the asymptotic normality.

(Q.E.D.)

Proof of Proposition 6.2 :
We use the simple relations 2(n —h —3) =2n+1-2(h+1),2(n —3) =2n+1-2

and the trigonometric relations such as cos 2511 2n+1—2(h+1)] for a fixed h >0
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and j =1,---,m. Then, we find that

2 1., 1 2m 1., 1
cos T 1(n—h—.2)(j — 5) — COS 2n.+1(n_ 5)(] - 5)]
~ 1P )2 - -1y
= o)

Thus, we have the result of Proposition 3.2 because the limiting random variables
Win—k(k=0,---,h) are degenerated.
(Q.E.D.)

Proof of Proposition 6.3 :

For the backward filtering, we use a similar evaluation as Proposition 6.1. We
consider the case when Az, = x;, — z;_1 = va) and v; (i = 1,---,n) are i.i.d.
sequences. We set the initial conditions x,, = v, = 0 for the convenience and take h
as a fixed positive integer.

Let X,—p = Xgpn—pn + Xann (h=1,---,n), where

non . 21 1 . 27 1 q (x)
Xspon=>.1> k—=)(n—h k— =)jlv;
and LRI 2 1 2 1
™ ™
Xin-n= i —h)(k— =)si k— -)t|A
toh = 2 Qi g m (= )k = g)sin g2 (k= A

Then, by using the orthogonal relation

= . 27 1. ) 27 ;1 . n
2 sinly (k= )il xsinlg == (B = 5)i] = 9k, B)I51

we find that

2T 1

kTP

Var[X;,_a] = UW[S] 3 [sin
k=1

We use the trigonometric relation sin 57=[2n + 1 — (22 + 1)](k — 5) = sinm(k —

%) cos m(2h + 1)’“221/12. When m/n — 0 as n — oo,
- 2h 41 1
Z[COSW + (k=) ~m
k=1 2n+1 2
and
Var[X,,,n] = O(i[cos T (2h+1)(j — 1))]2 « sinQ[E 2] — 1])
4n—h — = on n 1 J 5 55 - :
J 2 m
— Iy _ ol
> =0



Then, for a fixed h (h > 0)

4
o @22
2n +1 n

Var[A® gz, ;] ~ 0@)?

By using CLT to \/%ngn_h since the coefficients aim’”) t=1,---,n are small as
n, m — oo while m,, — 0, we have the asymptotic normality.

(Q.E.D.)

Proof of Theorem 6.4 :
In the more general case, we assume that

T, = Axl = Z ,ysvz(f)s )

where (a) 3232 |7 < 0o and (b) sup [, s, v*dF(v) — 0 (¢ — 00).

Let 7, = Sk %vﬁ)&. Then, by using the method of Anderson (1971, Page 482),
we can apply the CLT to the truncated sum to obtain the asymptotic normality
because the difference of r; and r;, is stochastically negligible as k — oo.

For a fixed non-negative integer h, let X, = X, ,+X5, , (h=1,---,n), where

\E
NE

Xik,n—h = A(?’l - h7 i7j>ri,k

s
Il

—
<

[
= I
||| M= L

75214 h727j Vi—s

i=1s k j=1
k m
= Z Z%ZAn—h'H—SJ 2 4 Z Z ")/SZATL—h’L—i-Sj)
i=k+1 s=—k J=1 i=1—k s=—i+1 j=1
n+k n—i

+ Z Z%ZAn—h 2—1—5])

i=n—k+1 s=—k 7=1
= Wf,ln + Wf’Qn + Wf’gn (say)

where A(n — h,i,j) = cos 2511(71 —h— *)(] — 7) CoS 2nil(j — %)(z — %)

Then, the second and third terms are stochastically negligible because of the eval-
uation of their variances. We use the relation that for j = 1,---,m and s,s =
—k, -+, k(k is fixed)
2T 1 | 2m 1 1 1
oL L L Lol

0082n+1(j 2)(@—1—5 2) C082n+1(j 2)(z+s 2)—|— (n)

and the variance of the first term becomes approximately as m/n — 0,
L& 2w 1 1
Var| X, — S2(3c Ch— I\ (i — 22

2 (h+1)%, m3

~ (Z %)20(1)2[ 6 ]? .

s=—k
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Because the spectral density at zero is given by fa,(0) = (222 7,)?0@?

the result by taking k& — oo.
(Q.E.D)

Derivation of (6.8) : Let y\f) be the estimate of , by using the forward filter
method. It can be given as

, we have

ngf) = eIn[CnPnQnPnC;l(y - 1ny0) + 1nyn] ’

Then
Y1 — Yo
Wy, = 1,0, -PQP)| 77
Yn = Yn-1
Y1 — Yo
_ _]-/nPnQnP Y2 f%
Yn = Yn-1

where Q, =1, — Q...
The forward-backward estimate of x; at t =n — h is given by

n

C. P Q. P:CHY:—1.,) +e, ,C P QP C'1,(y, —y) .
We set X, = X7, + Xopnp for

ul = ’nP Q.P;C. (Y] — L)

Xin = ey Pr QP (-1)vY —e, P Q. Ple,1,P,Q, P, v

and
X;nn=e, ,P QP (-1)Av —e, P Q,Pie,1,P,Q,P,Av

where v(® = (y* )) and v = (vy).
Because Q,, ane Qn are 1demp0tent matrices, we can use the relation that for d
n—th QnPZ + en_hP;QnPZenlnPnQn n

d, ,d,p=¢, ,PrQ.Pie, »+1,P,Q.P.1,[e, ,PrQ,Pie,

Then by calculating the term of e, ,P*Q,Pe, as

n 2w 1 2 1
i k— = — h) si — =
kz::lsmzn 2)(n )sm2n+1( 2)n
1.7 . om . . . om
= <_Z) Z[e 23+1 (k;_*)(n h) 6 2n+1(k_§)(n h)][e 2n+1 (k %)n _ € 23+1 (k:—f)n]
k=1
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Z {e'2n+1 2nt1=(ht )] | =iy (h—3)[2n+1—(h+1)]

k=1
. . 27 1
—e 2n+1( )h —e 2n+1(k 2)h
_ (_1) 6,2211 é[Q +1—(h+1)]1 — e 2n+1 2[2n+1 (h+1)m

1 — oinE7 32+ 1= (ht1)]

'2311 ; [2n+1—(h+1)]m

L e izt 5201 (A1) l—e
1—e —izans 5[2n+1—(h+1)]

- 27 . 27
. 27 1h1—€l2n+1hm . 27 1h1—€_7’2n+1h’m
_elapyrt .~ 0 ot'pppmaf .
€ - 27 h € - 27 h )
1 — e'2Znt1 1 — e "2nt+1
which is asymptotically equivalent to
27 27
(_1)[ sin 5= +12hm sin 5= S hm]
2 2r h
4 sin 5= +1h sin et 2

When m.n — oo and m/n — 0, it is asymptotically equivalent to m. Also for the
term of 1;1P,1QnPn1n7 we find that
1 1 o 1 n 221
' k—— k:—— #
> > %9 1] Eg)eos g 7 U =5) Z [251 T2 11

joj =1 k=m+1 22 1

2

because

> con - )l )

_ 12":[@ BG-D0-3) | ig¥ -5k
2

j=1
i 2m g 1 _
1 i 27 l(k_l)l - el2n+1n(k ) —i 27 l( 1)1 —6 2n+1 (k 2)
= — |e'2nFi2 2 - + e "2nF12 2 r T
2 1—e 2n+1(k_ ) 1— 6_ 2n+1(k_§)
— +1 n(k—3)
- : 2 1
2sin 2n+12<k 5)
w 2k—
— (—1)kH 1 cos 5 2n+1
N 2 gin T 2k-1 -
2 2n+1

Then, by using the fact that when n,m; — oo and m;/n — ¢ (0 < ¢ << 1)

n 7 2k— 1 w72
l Z COS D) 2n+1 - COS B z dZ
7 2k—1 . Lo y

™
gt LS 5 500y Sl g2

we have the result.

(Q.E.D)
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