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Abstract

We consider the statistical estimation of the coefficients of a linear structural equa-
tion in a simultaneous equation system when we use two-sample data and there
are many instrumental variables. We derive some asymptotic properties of the
Two-Sample Least Variance Ratio (2SLVR) estimator, which is an extension of the
limited information maximum likelihood (LIML) estimator in one-sample, when we
have two-sample data with many insrumental variables. It has been known that
there is a non-negligible bias in the one-sample two stage least squares (T'SLS) esti-
mator and the generalized moment method (GMM), which are widely used in prac-
tice. They often lose even consistency when we have many instruments. We have
found that the variance-covariance matrix of the limiting distribution of the 2SLVR
estimator and its modifications often attain the asymptotic lower bound when the
number of instruments is large and the disturbance terms are not necessarily nor-
mally distributed. The results would be useful for applications in econometrics and
biometrics including Mendelian Randomization (RM) using DNA data analysis.
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1. Introduction

There has been a growing interest and research on the instrumental variables (IV)
estimation method of a single structural equation when the number of instruments
(the number of instrumental variables excluded from the structural equation), say
K, (or Kay,), is large relative to the sample size n. The relevance of such models
is due to collection of large data sets and the development of computational equip-
ment capable of analysis of such data sets in econometrics and biometrics including
Mendelian Randomization (MR). Traditionally, many econometricians have been in-
terested in the instrumental variables methods, but recently there have been many
applications reported in the DNA data analysis of MR particularly. (Burgess and
Thomspon (2020), Zhao, Q., J. Wang, G. Hemani, J. Bowden, and D. Small (2020),
Ye, T., J. Shao and H. Kang (2021), for instance.)

In recent statistical applications, we sometimes cannot obtain the full data sets
of endogenous variables and instrumental variables as one-sample, but we can obtain
two-sample data set to investigate statistical causal relationships among endogenous
variables. Then several estimation methods have been proposed. Among them, the
two-sample two-stage least squares (2STSLS) method has been sometimes used since
Inoue and Solon (2010) in econometrics. However, it has been known that in one-
sample standard case the bias of the TSLS estimation is not negligible when there
are many instruments (see Anderson, Kunitomo and Sawa (1982), and Anderson,
Kunitomo and Matsushita (AKM, 2010), for instance). In the one sample case, AKM
(2010) have investigated the asymptotic properties of some instrumental variables
methods and shown the asymptotic efficiency of the LIML estimation when there
are many instruments.

The main purpose of the present paper is to show that one method, the two-
sample least variance ratio (2SLVR) estimator, has an optimum property when both
the sample size n and K5, which is the number of excluded instrumental variables.
The 25LVR estimator is a modified version of the one-sample LIML estimator to the
two-sample situation. As a background of the statistical problem, we state and de-
rive some asymptotic distributions of the 2LVR estimator and the 2TSLS estimator
as K», — oo and n — oo while K5, < n. Some of these results are improvements on
AKM (2010) and earier studies in econometrics and they are presented in a unified
notation.

In addition to the 2SLVR and 2STSLS estimators there are other instrumental
variables (IV) methods. See Kunitomo (1980), Morimune (1983), Anderson, Kunit-
omo, and Morimune (1986) on the earlier studies of the finite sample properties of
alternative (one-sample) estimation methods, for instance. Several semiparametric
estimation methods have been developed including the generalized method of mo-
ments (GMM) estimation and the empirical likelihood (EL) method. (See Hayashi
(2000) or Angrist and Pishke (2009), for instance.) However, it has been recently



recognized that the classical methods have some advantages in some situations with
many instruments.

In this paper, we shall give the results on the asymptotic properties of the 25LVR,
estimator when the number of instruments is large and we develop the large-K,
asymptotic theory or the many instruments asymptotics. The 2STSLS estimator is
badly biased and it loses even consistency in some situation. Our results on the
asymptotic properties and optimality of the 2SLVR estimator and its variants give
a new interpretation on the numerical information of the finite sample properties,
A guidance on the use of alternative estimation methods is provided for the use of
structural equation model with many instruments in micro-econometric models and
RM in biometrics. There is a number of related studies both in econometrics and
biometrics. Some examples in econometrics were Donald and Newey (2001), Stock
and Yogo (2005), Chao and Swanson (2005, 2006), and Hansen et al. (2008).

In Section 2, we state the formulation of a linear structural model and the two-
sample alternative estimation methods of unknown structural parameters with pos-
sibly many instruments. In Section 3, we develop the large- Ky asymptotics (or many
instruments asymptotics) and give some results on the asymptotic normality of the
2SLVR estimator when n and K, are large. Then we shall present some results on
the asymptotic optimality of the 2SLVR estimation in the sense that it attains the
lower bound of the asymptotic variance in a class of consistent estimators with many
instruments under reasonable assumptions. Also we discuss some issues such as a fi-
nite sample correction, the case when there are included instruments, the case when
we have different sample sizes, and the problem of weak instruments in Section 4.
In Section 5, we give some numerical results and show that the asymptotic results in
Section 3 agree with the finite sample properties of estimators. Concluding remarks
will be given in Section 6. The derivations of theorems are given in the Appendix.

2. Alternative Two-Sample IV Estimation Methods in Struc-
tural Equation Models with Many Instruments

We investigate the estimation problem of a structural equation in the classical
linear simultaneous equation framework when we have two-sample data. Let a single
linear structural equation be

(2.1) Y1 = BaYy + Y1z tup (i=1,--+,n),

where y;; and y,; are a scalar and a vector of GG, endogenous variables, zy; is a
vector of K (included) exogenous variables in (2.1), 7, and 3, are K; x 1 and
(G5 x 1 vectors of unknown parameters, and uq, - - - , u,, are independent disturbance
terms with E[ui|zh»,z2n,i] = 0 and E[uﬂzu,zmi] = 0'3 (Z = 1, e ,n), where Zon,i
(K3, x 1 vector) is excluded from (2.1), but it is in the set of instrumental variables
(IV) to explain the endogenous variables y;; and yo; in the simultaneous equation

system.



The structural equation of (2.1) is not a regression because the endogenous variables
y1; and y9; are correlated with the noise term and they are (probably linear) jointly
explained by a set of included exogenous variables z;, and the instrumental variables
Zon.i, which are excluded from (2.1). An interesting feature of the present problem is
the situation when there are many instrumental variables called many instruments
in econometrics available as data and thus we use the notation zs,; (i = 1,--- ,n)
depending on n.

The main interest of this paper is the estimation of structural coefficient vector
(say, B,), but the data set of endogenous variables y; = (y1;, Ys;) for individual i
is not available and we have yi; (i = 1,--- ,n1) and y,,; (j = 1,--- ,n2) in different
samples. In addition to endogenous variables, however, we have a large number of
data sets of the instrumental variables in two-sample data and these instrumental
variables are two samples on the same set of explanatory variables. This makes the
present problem different from the traditional structural equation estimation and
the instrumental variables (IV) methods.

In particular. we consider the situation that in the first sample we have the observa-

tions of yg), z%) (K x 1 vector) and a Ky, x 1 vector 5. (i = 1,--- ,n;), and in the

2n,t
second sample we have the observations of a G X 1 vector yg-), z%) (K7 x 1 vector)

and a Ky, x 1 vector zgi{j (j=1,--- ,n2). We investigate the estimation problem of
the vector B, when the reduced form of the endogenous variables y; = (yﬁ), yé?)/)/

in the two-sample data is given by
(22) v = (2, 25, +vi Y = (28, 25T, + Vs

where ygl) and Y§2) are ny X 1 vector and ny x G matrix of endogenous variables,
(ng), Zg,?) (k = 1,2) are the nj x (K + Ks,) matrices of vectors of instrumental
variables, v (= (vy;)) and Vy (= (vy;)) are the n; x 1 vector and ny x Gy matrix of

disturbances,
11 I,
o= () 1= ()

is the (K14 Ks,) X (1+G2) matrix of coefficients, and we assume that the coefficients
(ILy,, IL,,) are the same as for (y1;,y5) in (2.1) and (y{7 vy (k = 1,2) in (2.2).
The disturbance term vy; has E[vy;] = 0 and E[v%] = wy; (i = 1,--- ,n;), and the dis-
turbance vector vy, has E[vy;] = 0 and E[ngvlzj] = Qs (j =1, -+ ,ny). Because the
data sources of two-sample are ususally different, we assume that v;; and vy, are mu-

tually independent. The vector of K, (= K+ K3,) instrumental variables zglf), zéﬁ{i

(k = 1,2) satisfies the orthogonality condition E[vli]z%), zggl] =00G=1,--,n)
and E[V2j’z§§)7zéi),j] =0 (] =1, 7”2)'
In Sections 2 and 3, we assume that the data size of two sample is the same, that

is, ny = ng =n and n > K + Ky, (n > 2). We shall discuss the case when n; # ngy

4



in Section 4.
To remove the effects of included instrumental variables ng) (k = 1,2), we de-

fine Zg:l)* = Zék) — PZ(mngB = PZ(k)Zg;;) and the projection matrices P, w =
1 1 1

ng)(ng),ng))*lzgk)/, PZ(k) =1, — P, w (k=1,2). The estimation of the reduced
1 1

form coefficients in (2.2) can be done by using

(2.3)

(7o, Thao) = [(25,) P 0 25,) ' 2 Pyt (25) P e 25) ' 25 P Lo Y]
1 1 1

We impose the condition that that there exists a Go x 1 (unknown) structural
parameter vector 3, such as

w I 1 (Y
2 () (b ) =)

where v, (K; x 1) is defined by the upper-part of (2.4).

It may be natural to use the lower part of the relation in (2.4) and (2.3) to estimate
the structural coefficients 8 = (1, —8,). (We have taken 1 as the first component
of B as normalization.)

A Remark on Two-Sample Model : For the simplicity, we take the case when
Ky =0 and ny = ny = n. In the first sample, we have the regression relation with
the estimated coefficient vector Iy, of instruments while in the second sample we

have the regression relation with the estimated coefficient matrix IT,, of instruments.

The expected values of 7%21 and ﬂéz) are 71'51 and H22 , respectively. If there exists

a linear statistical relation between unknown regression coefficients wgl and H;;),

we have 3, (G x 1 unknown non-zero vector) such that 77%1) = (n)62 Since ﬁgl)

(Ks, x 1) and HQQ) (Ks, x G3) are estimated from two-sample data and random,
we represent as

n)

(2.5) ) =l x T = n) +X{Y

where (x{", X{) is a Ky, x (1 + Gs) random matrix with zero means and het—
eroskedasticity. We need to consider the samphng variation both in x1 ) and X
to estimate the true structural relationship of 71'21 = Hg;) B,.

In one-sample case, we take y; = ygl), Y, = Yg), and (ng), Zg;)) = (Z1,Zy,) (k =
1,2), and then we recover (2.1) with u; = vy; — B,V by multiplying (1, —3;) from
the right to (y1, Y2). In two-sample case, however, we do not have such structural
representation for the i—th individual (i = 1,--- ,n) observation. Nonetheless, the
situation can be interpreted as a classical (linear) errors-in-variables model and then,

we may expect that the estimated regression coefficients of fré?) on ﬂ;’; (in the second
stage) are badly biased when K, is large, that is, when the number of instruments



is large. (See Anderson (1984) on the classical errors-in-variables models.)

For the vector of included instrumental variables in the structural equation =, is
based on the upper part of the relation in (2.4) as

(2'6) ’3’1 =T — 1112@2 )

where BQ is the estimator of 35,
(2.7)
(10, TLpo] = [(Zgn Pz;}z?))_lzgl) PZ;}ygl)’ (252) PZ<2>Z(2)) IZ§2) PZQQY?} 7

and the projection matrices P u) = Zg?(ZgZ)/Zék)) 1z
2n

)2 P =1, - P
1,2).

) (k=

(k
Z2n

Let Aé?l = ngl)lpzngi) (k = 1,2) be sequences of Ky, x Kj, matrices, which
1

remove the effects of included instrumental variables. We define the (1+Gs) x (1+Gs)

matrix by

g1 812
2.8 G =
(2:8) [ g1 Gao }

where g1 = ﬁ'g{) A;12)17721 ) G22 = H22 A22 1H2Z)7 812 = ﬂ'gll A22 1A22 1A22 1H22)7
g2 = Zo, and Ay = wlAn1 + w2A§2)_1 is a sequence of K, X K, positive
definite matrices with w; +ws = 1, w; > 0, w9 > 2 in general. But we take the case
of w; = 1 in the following analysis because of the resulting simplicity. (We shall
impose a condition that A%, (k = 1,2) are essentially the same in Section 3.)

W11 Ol
o, ) (14 Go) x

For the estimation of the variance-covariance matrix € = (

(14 G2) matrix), we use the (1 + G2) x (1 + G2) matrix by

[ hy O
29 o[l 9]

where hy; = y\V'[I,—P Y,

and I, — P

(251)’Z§1))]y§1), (Gax Gy matrix) Hos = Y§2) L,—P

(2 7)) (k =1,2) are the n X n projection matrices.
1 “2n

(2.23))

We investigate the class of estimators depending on G and H ((1+G3) x (14+Gs)
stochastic matrices) in two sample situation. In one sample case when Ko, does not
depend on n, they constitute the sufficient statistics known in statistical multivari-
ate analysis (see Anderson (2003)). They differ from the corresponding ones in the
one-sample case because (Zgl), Zéln), ygl)) is different from (Zf), A% Y(Q)) Because

2n >

6



we have two samples and they are different samples from the same population, we
assume that there is no correlation among vy; and vy; (i =1,--+ ;| n).

We define the 2SLVR (Two-Sample Least Variance Ratio) estimator B,y (= (1, —B; i) )
of B (= (1,—8,)") as the solution of

1 1 -

n dn

where ¢, =n — K, (¢, > 2) and X, is the smallest root of
1 1

(2.11) |-G —-I—H|=0.
n Gn

The solution minimizes the variance ratio

(2.12) VR, =

with respect to the structural parameter vector 3. The 2STSLS estimator BTS (=
(1,—By1g)) of B=(1, —B;)/ is given by

(2.13) [g21, Gag] ( _Blz_Ts ) =0,

where Yy = (y5;) is an n x Gy matrix. The 2STSLS estimator minimizes the
numerator of the variance ratio.

For the one sample data, the 2SLVR estimator corresponds to the LIML (lim-
ited information maximum likelihood) estimator while the 2STSLS estimator cor-
responds to the TSLS (two-stage least squares) estimator. Their properties in the
general case were originally developed by Anderson and Rubin (1949, 1950). See
also Anderson (2005).

3 Asymptotic Optimality of 2SLVR Estimator

3.1 Asymptotic Normality of the 2SLVR Estimator

We state the limiting distribution of the 2SLVR estimator under a set of alternative
assumptions when K5, and Il,, depend on n and n — oo. We first consider the



case when
KQn

— —c¢ <c<1),
I 0<ec<1

n

1 n)’ n
(Im) I AG) T T @ayy (k= 1,2),

1< 2
_ (n) _

(111 n = plim 'E_l [pu (Pyw)—c|  (F=12),

1
1—c

where p{” (P%) ) is the (i,4)—diagonal element of P (= Z;* (A% )71Z:"") and
Pyy g is a Gy ;nGQ nonsingular matrix. o

Condition (I) implies that the number of coefficient parameters is proportional to
the number of observations. Because we want to estimate the covariance matrix of
(v14,Vy;) (i =1,---,n) consistently, we need 0 < ¢ < 1. Then, Condition (I) implies
¢n — 00 as n — oo. Condition (II) controls the non-centrality (or concentration)
parameter to be proportional to the sample size. Since K, grows, it is often called
the case of many instruments. These conditions define the rates of growth of the
number of incidental parameters in the statistical model. Condition (I) can be
weakened to Conditions with ¢ = 0, where K5, increases with n but at a smaller
rate (see Theorem 2). Condition (II) implies that two sets of instruments share the
same consistent structure on average, which may be reasonable if the effects of the
instruments are similar in two samples. Further, we may impose conditions that for
any g,h =1,2

and 1, = | }2 n (n is a non-negative constant),

* 1 n)’ h)—1 n
(ar) ~TL; A AL AL 5 8oy
and ) .
(IT™) ﬁHg’;) AP T = &0y, + Op(ﬁ) :

These are useful for the simplification of the resulting formulae of the asymptotic
variance-covariances of the 2SLVLR estimator. As an example, we take Ag;?l /n o~
calk,, for some ¢, (> 0) and k£ = 1,2. Then, a sequence of Go x G (or Gy X K, X
Ky x Gs) matrices TIWTIY < oo, which means that the additional coefficients
in the reduced form (2.2) become negligible as n and Kj,, increase. However, these
conditions can be weakened with some cost of notational complications without
changing the results essentially. Condition (III) is needed for analyzing the effects

of non-normal disturbances on estimation.

We summarize the basic results on the asymptotic distributions of the 2SLVR
and 2STSLS estimators for B, when n and Ks, are large. To state our results in a

8



compact way, we transform v; = (vy;, vy;) (= (vj),i=1,--- n;j=1--- ,Ga+1)
to

QB3

3.1 WZ':AVZ‘,A: 071212 - ——
( ) 2 ( G)[G+1 BQB

} )

and 02 = E[(= B8'v;)2).

Then, the vector wo; is uncorrelated with u; = B'v; (i = 1,--- ,n), which is the
disturbance term of the structural equation.

To measure the effects of the non-normality of disturbance terms, we use the fourth
order moments and we define a (1 + G2) x (1 + G2) matrix

(32 - |0 o |

where T'(vy) = E[vf}] — 30} and T(va) = E[voivy;(Byv2i)?] — [2228,8:0: +
B, 2] . (When G = 1, T(u,) = El(ud, — 303,)53] )

When v; are normally distributed, I'(v1) = 0, I'(v2) = O and then I'(vy) = O. Be-
cause we assume that the noise terms in two-sample data vy; and vo; are mutually
independent sequences, I'(v) is a block-diagonal matrix.

Theorem 1 : Let z;gcz)/ (1t = 1,2,--- ,n;k = 1,2) be the i—th row vector (a
Ky, x 1) of Z;g‘:) (n x Ky, matrix of normalized instrumental variables). Let
vi = (vi,vy),i = 1,2,---,n, be a set of (1 4+ G,) x 1 independent random
vectors, which are orthogonal to z;%, e ,z;gi)1 such that E(v,|z;(fz)) = 0 and
E(Vz-v;) =Q (a.s.).

Suppose that Conditions (I), (II)*, (IT)**, (III) hold. In addition, we assume

1 n) x(k
V) max 15020 0 (k=1,2).

Let ﬁQ.LVR be the 2SLVR estimator of 3,.
(i) For ¢ = 0, then

(3.3) Vi(Bopvr — By) —= N(0,%*)

where U* = 02®,), and 02 = 3 Q8 .
(ii) For 0 < ¢ < 1, we further assume that E[v;uyv;] = 0 for any j,k,l and
i=1,---,n ' where v;; is the j-th element of v;, and assume that E[||v;||*"] < oo

for some € > 0 (and E[||Hég),z;(fz) |2+°] < oo for some § > 0 when zl(-")
Then

(3.4) Vi(Borvr — Bs) —2 N(0, %)

'We make this assumption for the simplicity. It is possible to relax this condition with some
complication of notation. See AKM (2010) for the one-sample case.

are stochastic).

9



where
T = @y, + Py {C [92202 - Q2252ﬂ,2922}

+ co. | (BB + DBl ()2 — 1| + nAT(V)A'} @35,

and ¢, = ¢/(1 —c¢).

If G» = 1 in Theorem 1, [Q0? — Qﬁ,@lﬂ]gg = wiwe = |2 because El[vy;vq] =
W12 = 0.

This theorem is an extension of Theorem 1 of AKM (2010) for the one sample case
to the two-sample case. Since we have some different model structure in two-sample
case, the resulting formula is slightly different from Theorem 1 of AKM (2010).
The variance-covariance matrix of the limiting distribution of the 2SLVR estimator
depends on the third and fourth order moments of the disturbance terms in the
general case. Instead of making an assumption on the distribution of disturbance
terms except the existence of their moments, alternatively we may assume

n 2

/ 1 (n) 0 (F —
(I1T) SEIQH;[“ (P0)—c| =0(k=1,2)

Then the asymptotic distribution does not depend on the fourth-order moments.
A simple example for Condition (III') is the case when we have py((P .w) =
2n

2) (Z;nzgn)* ) Ky, /n. Condition (IIT') is the same as = 0 in Condition

an 2nz

(I1T) and the direct consequence of Condition (IIT') implies the following result :

Corollary 1 : For 0 < ¢ < 1 assume Conditions (I), (II*), (H**) and (I1T').

Furthermore, assume that E[||v;]|*T¢] < oo for some ¢ > 0 (and E[||1_I22 sz ||2+5] <

(n)

oo for some § > 0 when z;  are stochastic). Then

(3.5) ViBa v — By) =5 N(0.¥™)
where
T = 2B, + By, {c [QMQ . 922[3252922]
+ co [(ﬂzﬂmﬂ)ﬂm + Q22/3,8,2[4 (L:;H) - 1]] } @55,

and ¢, = ¢/(1 — ¢).

The asymptotic properties of the 2SLVR estimator also hold when K5, increases
as n — oo and Ky,/n — 0. In this case the limiting distribution of the 2SLVR
estimator can be still different from that of the 2TSLS estimator, depending on the

10



relative magnitude of n and Ko,.

Theorem 2 : Let z;gi)/ (1t = 1,2,--- ,n;k = 1,2) be the i—th row vector (a
Ky, X 1) of Z*(k (n x Ky, matrix of normalized instrumental variables). Let v; =
(v15,Ve;) i =1,2,--- . n, be aset of (14G5) x 1 independent random vectors, which
are orthogonal to z;ﬂ, z;g?Z such that E(Vl|z;g€2) = 0 and E(v;v,|z5, k) =
o' (a.s.) is a function of z2( (k = 1,2). The further assumptions on (VZ,Zzgcl))

7
(vi = (v;:)) are that E(v] ]z;ffl) are bounded, there exists a constant matrix € such

that v/n[|2™ — Q| is bounded and 02 = B8'Q3 > 0 . Assume Conditions (II*),
(IT**), and

! Kn
(1) 2 0<v<1, 0<e <o),
(IV) L max I 212 250 (k =1,2)
n 1<i<n ' 22 72 e

where ®495; is a nonsingular constant matrix.

Let BQ.LVR and BQ.TS be the 2SLVR estimator and the 2STSLS estimator of 3,,
respectively.

(i) Then for the 2SLVR estimator when 0 < v < 1,

(3.6) \/ﬁ(éz.LVR - B,) -4 N(0,0°®5, ) ,

where o2 = 3'Q8.
(ii) For the 2STSLS estimator when 1/2 < v < 1,

(3.7) 0 (Byrs — Ba) = B3y (—0)Q22)Bs
when v = 1/2,
(3.8) Vi(Bars = Ba) == N (=) 851 D225, 0° @3]

where €9 is the Gy X Go lower-left submatrix of Q. When 0 < v < 1/2,

(3.9) ﬁ(BQ.TS Bs) -4 N(0,0°®5,,) .

It is possible to interpret the standard large sample theory as a special case
of Theorem 2. When K, is a fixed number, it has been known that the LIML
and TSLS estimators in the one-sample are asymptotically normal and equivalent.
When K, is large, they are substantially different and there were several studies
on their asymptotic as well as finite sample properties in one-sample case. Since the
TSLS estimator is a special case of the GMM estimator and both share the simi-
lar asymptotic properties when K5, is large. For the one-sample case of structural

11



equation estimation, there have been earlier studies on the finite sample properties
such as as Anderson, Kunitomo and Sawa (1982). See Angrist and Pischke (2009)
as a textbook on applied econometrics. The asymptotic properties of one-sample IV
methods have been discussed in econometric literature including AKM (2011), Don-
ald and Newey (2001), Stock and Yogo (2005), Chao and Swanson (2005), Hansen
et al. (2008), among many others.

3.2 Asymptotic Optimality with Many Instruments

For the estimation of the vector of structural parameters 3, it seems natural to
consider procedures based on the two (1 + G3) X (1 + G2) matrices G and H,
which are sufficient statistics in the classical one-sample standard situation. (See
Anderson (2003).) We shall consider a class of estimators which are functions of these
matrices for the two sample structural equation estimation. The typical examples
of this class are the Two-Sample OLS estimator, the 2STSLS estimator, and the
2SLVR estimator. Then we have a basic result on the asymptotic optimality of the
2LVR estimator and its (asymptotically equivalent) modifications, which attains the
lower bound of the asymptotic covariance under alternative assumptions in most
cases. The proof is essentially the same as the one-sample case given as the proof
of Theorem 4 in AKM (2010), but we give its skech in the Appendix for the sake of
completeness.

Theorem 3 : Define a class of consistent estimators for 3, in the form of

. 1 1
3.10 =o¢(—G, —H
(3.10) B.=0(,G. —H),
where ¢ is continuously differentiable and its derivatives are bounded at the proba-
bility limits of (1/n)G and (1/¢,)H as K3, — oo and n — oo and 0 < ¢ < 1. Then
under the assumptions of Theorem 1, Corollary 1, or Theorem 2.

(3.11) AE [n(By = B)(By — B | = @ (or ),

and W* (or ¥** ) is given in Theorem 1, Corollary 1, and Theorem 2, where the
right-hand side of (3.11) is the covariance matrix of the limiting distribution of the
normalized estimator \/n(8, — B3,) for the class of (3.10).

The inequality (3.11) holds in the sense of non-negative definiteness of matrices.
As a consequence, we have AE[n||B, — B,|%] > Tr(¥**). It is a fundamental result
on the asymptotic optimality of the Two-Sample LVR estimator when there are
many instruments K, along with the sample size. Although in some applications
such as econometrics as well as Menderian Randomization (MR), there have been
many studies on the asymptotic properties of alternative IV estimation methods,
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we could not find any asymptotic optimality results as far as we know even in the
special case when Gy = 1.

We have an important remark on Theorem 3 that the asymptotic optimality
of the 2SLVR estimation holds as far as we have the asymptotic normality of the
2SLVR estimation. Although the asymptotic variance-covariances become more
complicated, Conditions (II*) (II**), and assumption on the third order moments of
v; could be relaxed considerably. This problem is currently under investigation.

4 Discussion and Generalizations

4.1 A Finite Sample Correction

Although we have shown that the 2SLVR estimator has an asymptotic optimality
when K5, and n are large in Theorem 3, we need to have some care to evaluate its
finite sample property. We may propose a finite sample correction of the 2SLVR

estimator Bepyp = (1, —By.cryvr) of B, which is the solution of

1 1 A
(4.1) [0, IGQ][EG - )‘ng)q_H]/BCLVR =0,

n

where A\ = An — f/n for a positive number f and A, is the smallest root of the
determinantal equation |1G — lqinH| = 0. The choice of f can be either 1, 2 or 4 in
practice.

This modified 2SLVR estimator is asymptotically equivalent to the 2SLVR esti-
mator in the standard asymptotic framework, however, we may expect that it may
improve the finite sample property in some situation. It has been known that in
the one sample case, Fuller (1977) proposed to take f = 1 to improve the LIML
estimation. Later, Anderson, Kunitomo and Morimune (1986) have investigated the
effect of choosing f on the finite sample distribution of estimation methods when the
disturbance terms are normally distributed and K, is fixed.

4.2 On Estimation of ~,

By using the upper-part of the relation (2.4) and the regression coefficients (2.7) in
the reduced form equations, the 2SLVR estimator of 3, is given as (2.10).

13



Then, by using (2.2), we find that

o= (20P,wZy) 2P oyt — (2P0 2) 2P0 Y18,
= [0y, + (Z PZ;)Zén)) 1z PZ;)Vl]
(M + (27 P 0 Z17) 2P 0 Vo] (B, + (B, — By)]
= vl+[<Z§”’PZ§3z§2>-1z“>’f>zmvl—<z<2>’PZ;3;Z§>> 2P L0 Vo)

—[TI2 + (Z?)/nggzg )) Z( PZ(2>V2](ﬁ2 Ba) -

and
. 1 /
Vil =] = _Z W P z4L Zgz)) 1%29) Pz§1>V1
1 = 1
_(EZ?) PZ§2>Z§2)) \/—Z( <2)V2ﬁ2

1

- 11
[y + (- (2P 20)

~Z{V'P 0 Vo] [Vi(By - Ba) -

Then, from the proof of Theorem 1 in Section 3, we obtain the asymptotic normality

under a set of conditions when both n and K, are large.

For the asymptotic covariance-variance, we assume Condition II in Section 3. Then,

by using the derivations outlined in the Appendix, the asymptotic variance-covariance
matrix is given by

N _ 1 % _ / /
(4.2) V[\/ﬁ(’)’l )] B ng[Mn 9 T H12q>221.1(§‘11 )‘1)221.11_[12 +F+F ] )

where F = Ml_llaMlg,gaz@Q_;_lH/m, provided that there exist Mj; 5 (a non-singular
K, x K; matrix) and a K; x Gy matrix Mjg o such that

Ly s k lows & k) rp(n
(4.3) ﬁzg ) Pzg?zg )2 My, ﬁzg ) PZ&)Pzwzgn)Hg; B Mo (k= 1,2).

Furthermore, if we have the orthogonal condition that zﬁ’“)'zg’j} =0 and F = O,
(4.2) is simplified as
(4.4) VIVa(d, = 7)) = BB + Py, IT]

where %ng)lzgk) 2 M;; and My, is assumed to be positive definite.

4.3 Weak Instruments

When there are many instruments, some economists were interested in the case when
the explanatory power of additional instruments is not zero, but is small. This
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situation has been called as the problem of weak instruments in the econometric
literature. One way to formulate this problem may be to cinsider the conditions
that there exist v (0 < v <1) and 6 (0 < § < 1) such that

(I’) K2n

where ®4, 1 is positive definite.

Then, we need to take the normalization as n®/2[3, — B,] instead of v/n[By — B,
and it is possible to obtain the results by modifying the derivations given in the
Appendix. The results are similar to Theorem 2 and Theorem 3 in Section 3 with
slightly complicated notations and we omitted the details.

/ 1 n)’ n
= (0<ec, <1), II) Eng; AP O 2 &,

4.4 On Estimation When n; # no

In applications the sample size from two samples are often different and we need to
deal with this problem. There can be two ways to handle the problem.

First, we have obtained the asymptotic results when n; = ny, and there is a
natural way to take two-sample data with the same sample size by deleting extra
observations. If we have the situation that n; > ns, then we take two samples with
the sample size n = min{ny, ns}. Then, one obvious problem is a loss of information
in two-sample data.

Because we have different samples, but there is a relationship between two en-
dogenous variables in the structural equation. There should be a way to recover the
information in two-sample data. Let n < min{n,ny}. Then, we can construct a set
of n samples of (y14,y2 ;i = 1,--- ,n) randomly and apply the 2SLVR estimation
method. We repeat the same procedure and apply the 2SLVR estimation method.
It may be possible to combine many sets of estimates in subsampling to make a
statistical inference in a efficient way by using this type of statistical resampling
procedure.

5 Numerical Evaluation of Finite Distributions

It is important to investigate the finite sample properties of estimators partly because
they are not necessarily the same as their asymptotic properties. One simple example
would be the fact that the exact moments of the LIML estimator in one-sample case
do not necessarily exist. In that case it is meaningless to compare the exact MSEs
of alternative estimators and their Monte Carlo analogues. Although we discuss the
asymptotic properties of the 2SLVR estimator, we need to investigate their relevance
for practical applications.

There is a notable difference between the results in Theorems in Section 3, that
is, the asymptotic variance depends on the 3rd and 4th order moments of the distur-
bance terms in the former. The finite sample properties of the LIML estimator for

15



one-sample have been investigated by Anderson, Kunitomo and Matsushita (2011)
in a systematic way. As typical examples, we present only 9 figures (Figures 1-9)
among many other simulation cases we have done. We have used the numerical esti-
mation of the cumulative distribution function (cdf) of the 2SLVR estimator based
on the simulation and we have enough numerical accuracy in most cases.

To make interpretation easier, we set ny = ny = n = 100, Sy = 1 (Gy = 1),
w11 = 1,wip = 0 and K7 = 0. Then, the key parameters in figures are K, (or Ks,),

n — K (or g, and 6% = Hgg)/(%[A%),l + APDOIIY) /o2, The empirical distributions
of the normalized 2SLVR and 2STSLS estimators are traced by the red-curve and
blue-curve, respectively. In addition to the 2SLVR estimator, we have added the
distribution function of the 2STSLS estimator and the normal distribution for com-
parisons. The figures (Figures 1-9) show the estimated cdf of two estimators in the

standard form, that is,

1 n)’ 1 2 n p
(5.1) I S(AR, + AZ DI (B, - By) -

In our simulations, we first generate the normal random numbers for Hgg), Zgz) (k=
1,2), which are fixed. Then, we draw the empirical distribution function of estima-
tors with 10,000 replications. (It is 100,000 when Ks, = 2.) Our numerical compu-
tation method is similar to the one used in Anderson et al. (2011) except that all
computations were done by a new R-program.

The limiting distributions of the 2SLVR and 2STSLS estimators are N(0,1) in
the standard large sample asymptotics, that is, when K is a fixed number while
n does to co. The corresponding limiting distributions of the 2SLVR estimators in
the large K, asymptotics are N (0, a) (a = ¥*~'W** ¢ > 1), which are traced by the
black-curve in Figures 1-9.

From these figures, we have found that the effects of many instruments on the
cdfs of the estimators are significant and the approximations based on the standard
large sample asymptotics are often inferior while the large-K, asympptotics give
reasonable approximations when K is large. The empirical distribution function
of the normalized 2SLVR estimator is close to the standard normal distribution
and it has slightly more variation around the true value. It corresponds the result
of Theorem 1 and a > 1. On the other hand, the empirical distribution of the
normalized 2STSLS estimator has often bias when K5 is not small. When (295 is
large and ¢, > 0, the negative bias becomes large and it agrees with the results of
Theorem 2. At the same time, we also have found that the effects of non-normality
of disturbance terms on the cdf of the 2SLVR estimator are often very small. (The
dashed curves and x are almost identical.) The distribution of the 2STSLS estimator
has significant bias with many instruments.
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(Distributions of 2SLVR and 2STSLS, n=100.) (Distributions of 2SLVR and 2STSLS, n=100.)

1.0
1.0

00 02 04 06 08
00 02 04 06 08

Figure 3: Q50=1, Ky=50 Figure 4: Q55=10, Ky=2
(Distributions of 2SLVR and 2STSLS, n=100.) (Distributions of 2SLVR and 2STSLS, n=100.)
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Figure 9: 255=10, K5=>50, correlated instruments
(Distributions of 2SLVR and 2STSLS, n=100.)

6 Concluding Remarks

In this paper we have investigated on the asymptotic properties of the 2SLVR es-
timator when both the sample size and the number of instruments are large, that
is, the case of many instruments. While two-sample version of the 2STSLS is badly
biased, the 2SLVR estimator has the asymptotic optimality in the case of many in-
strumental variables. Our numerical results in Section 5 agree with the asymptotic
results when the sample size is finite.

Hence, our results of this paper has suggested a guidance on the use of alter-
native estimation methods in structural equation estimation in econometrics and
the Mendelian Randomization (MR) in biometrics where we may have many instru-
ments.

There are a number of problems to be investigated. First, there are conditions
imposed may be restrictive, we will need to investigate our results by relaxing them.
Second, there are some literature in econometrics to extend the one-sample LIML,
GMM and TSLS estimation methods such as Kunitomo (2011) for possible het-
eroscedasticity of noise terms, for instance.. It may be interesting to extend this line
of study to the two-sample structural equation estimation. Third, the validity of
instruments when we have many possible candidates may be important. This prob-
lem is related to the model selection when we have many instruments. Fourth, the
linear structural equation estimation can be generalized to the non-linear models,
but there may be some problem when there are many instruments. Finally, since
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there are a growing number of applications both in econometrics and bio-metrics.
We are currently investigating these issues.
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APPENDIX A : Mathematical Derivations

In this Appendix we give the proofs of Theorems and the mathematical derivation in
Section 3. Many arguments are similar to those in AKM (2010) for the one-sample
case and the proof of Theorem 3 is almost the same as the one in AKM (2010),
which is added for the sake of expository completeness.

(i) Proof of Theorem 1 :

We take Agyq = Aé}l and use the n x Ks, matrix Z;;k), which is orthogonal to the

n X K7 matrix Z (k: = 1,2), extensively. We intestigate the asymptotic behaviors
of (1/n)G and (1/qn)H when both n and Kj, are large. From (2.2) and (2.3),

/

g = M, (2" 25) +ViIP 0 Z5) (25, Z5,)) " 25, 0 (21, 25, ), + v
R N e AR
Then
(A1) gu— w5 AR w8 + Konwn)]
7"&1) Z27(11) Vi + V1Z27(~L )7"%1) + [V;Z;S)(ngzl)lz;(wl))ilzzg)/vl — Kap w1 -

Conditions (I) and (II) imply that as n — o0
1

(A.2) —al 7y 20,
n
and
1 ! g% * *
(A-3) - [VleS)(Z%(}) Z on ) 1Z (1) vi — Kopwiy L 0.
n

It is because (A.2) is the result of direct evaluation of

n

Var[— Wy ] lw Nz oz w Wi, A(l) ()
\/— w2 oy = W b iZh T = wnmhy) — AL )

i=1
For (A.3), we use the notation p;(1) = (P )y (4,5 =1, -+, Ky,) and
2n

Sy oy (1) —wnpi (160, 5)] = i [0 —wi)pa (D] +2 3201 viivrpis(1).
Then the variance becomes Y | E[(v{; —wi1)pii(1)]* +4 ZDJ L whpii(1)? = E[of; —
3w ] Doy pu(D)]? + 2377 wiipij(1)%. By using the relations 0 < p; < 1 and
> i i1 Pij = Kop, we have the result.

Similarly, we expand go; and Goy as

!

g = [M,(2.25)) + VP, mZéBAé?lZ’;S)'P 22y, 25T, + V|

Z n

n)’ 2 ! -1 2 n
= iy ZQ’EL) 2y ) + w2, DV, v (Zo AL A§2)1H§2)
+v ZQ( )(Z (2) Z *(2 )) 1Z2n V2 7

n 2n 2n
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and

/

Gy = [, (2", Z5)) +V’]Pz(mZéi)Aé?lZZf)'Pzg[<Z§2),Zé??)H%+Vz]
- TP AT Y, Vi
+VLZe (25 75N 12DV,

2n 2n

For hi; and Hys, we use the expressions :

!

1) (1) / ,

hi = [I0,(Z{, 25)) + vilP 0 Z<1>)[(Z§ L ZODIL, + vi] = viP o oV
and

H,, = [II, (Z'?', Z{ VP, 7Y 7N, + V,] = V. P, vV

20 = [ILy,(Z; ) + 2} z® Z(2>)[( 15 Loy )Moy + Vo] =V, 73 7By V2 -

Then, we evaluate each terms of G/n and H/g, as n and Ks, increase. The first
and last terms of each components of G/n are

n n n)’ 2 n

(A.4) l 7"%1) A§2)17"é1) Trgl)/Aég).lH§2)

) AS) ) TG AL 115y
and

! % (1 *(1 1 (2 *(2) *(2)’
(A.5) l VIZQEL)(Z%(L) Z on ) 1Z2n V1Z 2)(Z2n)z( ) 1ZQn V
n | VoZy (230 23 2y v V'QZ;?)(ZZS)Z N2V |

respectively.

The block-diagonal elements of the second matrix are (Kgn/n)(l/KQn)VllPZ*(l)Vl
2n

and (Ky,/n)(1/K2,) V4P .2V, and then, by using tr(P,.) = Ka, (k = 1,2),

they converge to ¢ wyy and ¢ 99, respectively. Since Vlnand V, are mutually

independent, the off-block-diagonal parts converge to zeros in probability. By using
the relation (2.4) and Condition (II), as n — oo,

1 /
(A.6) EG L5 Gy = l Iﬁ; } P221(Bs:1c,) +c 2.

Since hi; and Hyy are quadratic forms of v; and V5, and tr(f’wm Z(k))) =q, (k=
1 »2n

1,2), by using a similar argument, we have

1 p w11 0/
AT —H — Q= )
( ) qn ( 0 QQQ )

Then, by using that ), is the minimum root of (2.11), A, = ¢ as n — oo and we
find that By ;5 — B as n — oo.
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Define Gl, Hl, )\ln and b1 by G1 = \/ﬁ(%G - Go), H1 = \/q_n(qlnH - Q),
Ain = vi(An — ), b1 = /(B g — B). From (2.10),

1 1 1

[—cH.1]B8
1
= Op(ﬁ) :

(A.9) [ B, ] oo 1By sy — B) = (Gr— A2 — VG HL)B 1 0y(1) |

I,

Multiplication of (A.8) from the left by 8" = (1, —8,) yields

P ,Bl(Gl — w/CC*Hl),B
In — 7

BQs
Also multiplication of (A.8) from the left by (0,I¢,) and substitution for Ay, from
(A.10) yields

ViBorvr —Ba) = 21(0.16,)(G1 = Ainf2 — Ve Hy)B + 0,(1)

- Q
= 310, el — oG — AL+ o, (1).
BB
Define the vector u such that V@ = uand V = (vy, Vy). From the above expression,
we need to evaluate each terms of (G — /cc,H )83 and there are five terms, but we
have evaluated each elements of the first term by (A.6) and (A.7). The second term

(A.10) +0,(1) .

/ *(1 n / *(1 #(1) (1) \ 2 n
1 [ V1Z2£L)7"(21) V1Z2£L)(Z2£L)Z2£L)) 1A(22).1H§2)] [ 1 ]

All = ! gk n ! g% n
( ) Vn VQZQ7(12)7Té1) V2Z27(12)H§2) —Bs

is stochastically negligible due to (2.4) under Condition (II) because

(1/ Vi 2o\ (25 e, — 25" ) P AD) IS 2 0.

Then, we need to evaluate three terms for the asymptotic distribution of the nor-
malized 2SLVR estimator. (Two terms due to Gy and one term due to Hy.) The
first term has the form

o w75y, w5 25V, [ 1 }
v | TR AS) (23 zs Yz, 'z v, | | B |

which is asymptotically equivalent to

gh(l) =

* / 1 n)’ *(1) *(2)
(A12) (1) = | £ | Jonl) 200w, - 20Vag)
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It is because the Variange—coyariance /ma,trix of the difference
(1/v/n)I1 [ 22. 1(Z;$z2) Z;(?) )71Z;£Ll) — I,]vy is given by

D zs Ly (22 2 AL, - 1,)Z50 Ty

1 n)’ 2 (1)
Wllﬁngz) [Ag2).1(221(1) Z 2n

1 oy (2 2) 1) n
= WllEHgQ) [A§2).1(A22 1) 1A§2 1 AgQ 1]H22) )

which is stochastically o0,(1) under Condition (II*).
The asymptotic covariance matrix of the first term (A x gh*(1)) is given by

(

1. mwymn) « 7" n N
EA[ ril(n)) NwnZs ZyY + (8520085) 25 3PN [y T IA" 2 2@,
22

by using Condition (II).
We use the standard CLT to gh™(1) instead of the first tem gh(1). By applying the
CLT to

n

Lo\ ) (1) £(2)/ 1 (n) n) o
(A.13) (—=)ally [Z,," vi —Zy, Vafy] = (—=) E :[tnzvlz t12,i/62"2i}
N Vn' =
(n)’

for any vector a, tgl)z =a @22111—1(3) 222 ; and t12 p=a ‘@5 T, z2£?2 with Condition

(IV) to have the asymptotic normality. (Cond1t1on (IV) is needed to have the
Lindberg-type condition for Part (i).

The second term has the form

(A14) gh(2) = — [gh“((?) ghm(z)“ ! }

ghy, ) gh22(2) -8,
where ghi(2) = v;zsz’<z;£3>’z W) 2 i Koo, ghio(2) =i 25, (Ag)) 7125, Vi
gh21(2) = gh12(2)/, and gh22(2) V. Z2$¢ (Z @ Z n ) 1Z*(2) Vy — K9, 9.

The third term has the form

A15 h(3) = +0,(1),
where gh,(3) = v} [I,—P JVi—@nwi1, and ghy(3) = —(V, L=P e 00 [VaB,—

QnQZQ/BZ)'

(2", z5))

Because each of the second and third terms are quadratic forms of vi; and Vs,
their covariances depend on the fourth-order moments of disturbances in the general
case.

We utilize the representation of

(A.16) \/ﬁq’zz.l(ﬁz.u/}z — B,) = Algh(1) + \/Egh(2) —+/ce.gh(3)] 4+ 0p(1)
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where A = (0,1¢,)[Ig,+1 — %]

To evaluate the covariance matrices of the second and third terms (A+/cgh(2) and
A(y/cc.)gh(3)), and their asymptotic distributions, we prepare two lemmas.

Lemma 1 : Let w; are p-dimensional i.i.d. random vectors with E[w;] = 0 and
E[w;w;| = ¥ and the fourth-order moments exist. Let W = (w;) be n x p random
matrix and w; are mutually uncorrelated. For any symmetric matrices A ,B and
any vectors ay, by (k= 1,2),

Cov[a, W AWay, b, W BWby] = ) _ a;;b;F+tr(AB)[a; £bya,5b,+a; Ebya, T |
=1

and
F=a, [E[wwlagb;wwl} — [Z(agby + byay) X + E(a;EbQ]] b; .

Proof of Lemma 1 : We re-write the summation

(A17) a;W/AWagbIIW,Bngz Z allwiaijalzwjbllwkbklb;wl

i7j7kvl:1

Then, we take the expectations of each terms of summations with the cases of (i) i =
j=k=1,0)i=j7#k=1(0i)i=k#j=1land (iv)i =1 # j = k. By direct cal-
culations, the first term is Y | a;:b;E[(a;w;)(ayw;)(b;w;b,w;], the second term is
D it la“bkkE[alEagb (b, ] the third term is > 7", . a;;bi E[(a}Xb;a,Xb,],
and the fourth term is 37, ; a;;b;iE[a; Xbya, Xby].

By using E[a]; W AWay| = E> a\wia;ja,w;| = D e e a;a, Xay = tr(A)a) Say,
E[b,W BWb,| = tr(B)b;Xb,, and by summarizing each terms, we have the result.
(Q.E.D. of Lemma 1)

Lemma 2 : Let tgqb) = (1/\/ﬁ) Z?:l tll,ivli and tgg) = (1/\/5) Z:’L:l tlgjiIBIQVQZ‘ in
(A.13).
For (A.14), let

t5y) = \/E me [v1iv1; — wi16(4, 7)) \/E Z pi(1,2)[1i (Bavay )]

1,j=1 2,J=1

and

Q)

22*\/—

Z pl] 2 1 V21U13 \/— Z pzy VQiVIQj - 922]/82 )

1,j=1 i,7=1
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where we define
Py(1,2) (= pi(2, 1) = (25, (A ) 252 )
For (A.15), let

n

0 = N[5, 1) — g (D][owons — wnd(i,5)]
@ ~

and
n

n 1 L / L
t) = Nor i;“(”) — i5(2)][Vaivy; — 0(i, )28, .

where qij(k:) = (P(Zik):zéii))ij (k? = 1, 2).
() 4(n)

Then, under the conditions in Theorem 1, t{7, ¢\2 ¢ ¢ ") and ¢{2) have the
asymptotic normality.

A Scketch of Proof of Lemma 2 :

The proof of Lemma 2 is based on straightforward, but the results of lengthy cal-
culations, which are quite similar to Lemma 3 of AKM (2011). We have shown
the asymptotic normality of tﬁ’ and tﬁ’;) already. The proof of other terms is the
results of applying the martingale CLT (Theorem 3.5 of Hall and Heyde (1980) for
instance). We illustrate an outline of the proof for the first term of tgf) as a typical
case. (The derivations of the asymptotic normality for other terms are similar and
we have omitted the details.)

Let F,.; be the o-field generated by the random variables vy; (j < i < n) and
Fno be the initial o— field. We define a sequence of martingale differences as
Xni = (1/VE2)[(v}; = wi)pi(1) + 2370, vivypij(1)] for @ = 1,--- ,n. Then
E[X,i| Fri1] = 0and E[X2|F 1] = - El(vii—wn)*Ipa (1) +4wt - 2000 o1 i (1)
Then, we need to show that

(A18) S| F ] - S EXE] 0.
i=1 i=1
This can be done by decomposing
1 n -1 1 i—1
- > D oupi(D] - lwn > (1))
i=1 j=1 j=1
i—1 i—1

= LS @ e (P42 S ey sy (1)

n . ./ . ./
Jj=j =1 J>j =1

and evaluating the variances of each terms.
The variance of the first term is less than (1/n)* 37", Y77 E[(vf; — wi1)?]pi;(1)?,
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which converges to zero in probability because the matrix (p;;) is a projection.
The variance of second term is less than wf, (1/n)* > 71, >7" ) pi;(1)*p; (1)* which
converges to zero in probability because the matrix (p;;(1)) is a projection.

Finally, we utilize that for any £ > 0 and v > 0, Y. | E[XZI(| X, > §)] <
(1/€)Y S°1 E[X21"] and the moment condition E[||v;||**¢] < oo (€ > 0) when ¢ # 0
in Section 3 to show the Lindeberg-type condition (¢ — o0) in the present situation.
(End of A Scketch of Proof of Lemma 2)

By using Lemma 1, we calculate the asymptotic variance-covariances of gh(2)

l()(l/\/K_%J [9h11(2) — ghy5(2)8,] and (1/\/K_2n) [ghy(2) —ghy,(2)8,), which is given
y

D, — [ F(Ul)%zn > p(1) 0 ]
0 F(V2)KL% Dict Py (2)
{ 2031 + w118, By / }
—Q90, w1122 + (B5022285) Q22 + Q228585090 |

where we use the notation p; (k) = pz(»?) (Pm) (k=1,2i=1,---,n).
2n

By using a simple calculation, the second term of D, is equivalent to D(22) =0+
Q86 Q. Then, since 02 = wy; + B 2235, we have the relation

, 1
ADY A" = 62y — 5922[32[32922] .

By using Lemma 1, we calculate the asymptotic variance-covariances of gh(3)
(gh1(3) = (1//@n)v L, — P(Z£1)7Z§1))]V1 — ¢uwi1 and

b _ | P& L (1= pa(1))? o
S 0 T(va) 2 Y, (1= pi(2))?
L [ 2w 0 ]
0 (5/292252)922 + 92252/3/2922

We denote the second term of Dj as Dgz) and use the fact that

!

0

;0 00 / 0 0
DY =2(wn)eres + (g o BB (o o )+BB( () o )

Then, by using a simple calculation, we have

W11

ADE,,Q)A/ = ,3,292252922 + 922525/2922 [4<0_)2 —1].

2
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For the asymptotic distribution of estimator under non-normal case, we need to eval-
uate the cross products of the second and third terms, that is, —AE[gh(2)gh (3) +
gh(3)gh (2)]JA" = —A[Dy3 + D3] A’, where

D L(01) o 2oim Par(1)(1 = pii(1)) 0
“ 0 L(va) ey i Pi(2)(1 = pia(2))
+o(1) .

We consider the effects of fourth-order moments of disturbance terms. Define ¢, =
K5, /n and then the coefficient of I'(v;) becomes

n

_an 1_ncn)2%2[1_pii(1)]2 1_Cn Zp” 1_p“ 1)]

i=1
1 —_ Cn Z[pu - Cn

by using 321 pii(X1) = Ko and (1/n) 3200, (pi(1) —¢)* = (1/n) 321, (pa(1))* — ¢
Similarly, we find that the coefficient of T'(vy) becomes (1= )21 > [pa(2) — eal”.

Finally, by using the central limit theorem (CLT) in Lemma 2 for every constant
vector a' from the left, we have the asymptotic normality with the asymptoticvari-
ance a U**a and it proves (ii) of Theorem 1.

Q.E.D

(ii) Proof of Theorem 2 :

(Step 1, The case of 0 < v < 1/2, 2SLVR and 2STSLS.)

For the 2SLVR estimation, we use the similar arguments as the proof of Theorem
1, but we need additional derivations because of the possible heteroscedasticity of
disturbances. The limiting distribution of the 2STSLS estimator is the same as
the2SLVR estimator when 0 < v < 1/2.

For the 2STSLS estimation, from (2.13) and (A.6), we use the representation

1 1
(A.19) [(%2.1[32,@22.1) + %GT*} { Byrs } =0,

where G* = \/ﬁ [(%gzh %Gm) - (@22.1,32: @22.1)}-
We make use of the fact that PZ*(k) (k = 1,2) is idempotent of rank Ks, and the
2n

boundedness of E[v] |z;ff2] (k=1,2) implies a Lindeberg condition
*(k)

SUpPy <<, E [v v; I(V v, > a)|z2n 1yt Zoy n} 250 (a — 00) . By taking the expec-

(n)

tation of V1P “)V1, and E[v,"v, (ny \z nl, e 227(1 ) is bounded. Then, there is a
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(constant) t;; such that

1 1
(A.20) E[—=Vv\P,.ovi] = E[—=> wip(1)]
vn 2 vn i—1
K2n,

when 0 < v < 1/2.
Hence, by using the same argument, we find that (l/ﬁ)V;PZ*u)Vl % 0 and
2n

(1/v/n)VyP . V2 = O as n — co.
For the 2SLVR estimation, (2.13) implies

13’ 1 ., 1 1 B
(A.21) {( IG22 ) P221(8s:1c,) + (%Cﬁ - )‘nq_nH)] ( By vr ) =0,

where G} = /n[(1/n)G — Gg.
By using the facts that (1/y/n)G* % O, A, 2 0 (Lemma 3 below) and [1/¢,]H %
2, we have

1

. 1
~ :| = 0 5 (1)22'1(/32,IG2)phmn%00 |i ‘| = O ,
_IBQ.TS

(1)22.1(/627 IGQ)phmn%oo |: _B
2.LVR

which imply PlimnaOOBz.Ts = 3, and plimnﬁOOBQ_LVR = (3, because P9y is positive
definite under Condition (II).
Then, by using (2.13), we use the representation

Vi [( 8, ) @ (BT +

1 =G = A1) [+ (B - )] 0.
Go

Vn In

We prepare the following lemma, which is the same as Lemma 4 in AKM (2010)
and the proof is omitted)

Lemma 3 : Let A\, (n > 2) be the smallest root of (2.11). (i) For 0 < £ < 1—v and
0<v<l,

(A.22) nfA, == 0

asn — oo. (ii) For 0 <v < 1,

(A.23) vn [)\n — [22"] 250
asn — 0.
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Since v/n A, B 0when0<v <1 /2 due to Lemma 3, the asymptotic distribu-
tions of the 2LVR and 2TSLS estimators are equivalent, and we have

(A-24> ‘I’22.1\/E(B2.LVR - 52) - (O> IGz)GT:B £> 0.

We notice that for £k = 1,2

1 a n n) % *(k)’ n
EZQE)‘X’ng)Z(k?Z WL — Q@ @y

2n,1“2n1
" ox(k) _*(k) p(n
= —Z Q) © I, 2, )25, 15

Y [0 Sy -] 250

2nz an

because Condition (II) and the conditions imposed on an) (i=1,---,n).
With the notation of the proof of Theorem 1, \/n[Bs ;v r — B is asymptotically
equivalent to A x gh(1), which in turn is asymptotically equivalent to A x gh*(1).

By applying the CLT to (1/\/_) 1750y, — 2:@'V,8,], we obtain the limiting
normal distribution N(0,02®g ). (Condltlon (IV) is needed to have the Lindberg-
type condition.)

This proves the first part of (i) in Theorem 2 for the 2SLVR estimator and the last

part (ii) for the 2STSLS estimator when 0 < v < 1/2.

(Step 2, The case of 1/2 < v < 1, 2SLVR. )

We consider the asymptotic distribution of the 2SLVR estimator when 1/2 < v < 1.
In this case, there is a complication because there are four terms in each elements
of G (g11, 821, G22) and their stochastic orders are O,( \/_ O,(v/n) and
O,(n”) with possible heteroscedasticity of disturbances.

By using Part (i) of Lemma 3 and the facts that )\, —= 0 and [n/Ka,]x(A.8)
converges to {2 in probability, we have 32_ wvr — B -, 0 . By multiplying ﬁ/ from
the left to (A.8), we have

K2n

ﬁ’{m .

n

1
= ! % (2 n
v [ v,z ) V25 TL)
1

R mmv ] Ty
\/ﬁ H2(2n)Aé2)1(Z (' Z 51) ) 1Z;£zl) Vi Hg;) Z;g) Vs, " dn

X [ﬁ + (Borve — :3)} ~op(1) .

*(1 n ! (1 #(1) x(1)\ — 2 n
— ]+ V1Z2£L)7rg1) V1Z2( )<Z2£L) ZQ;)) 1A§2).1Hé2) ]
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Multiply (A.8) with ¢, instead of ¢ on the left by (0,1s,) to obtain approximately
/ / Ko,
(0716'2)\/%{ {( ﬂ; ) Doy <ﬁ271G2> + —29}

1 - 1 , N

+\/ﬁ {( IﬁG2 ) ng <Z27(11) Vi Z2n V2) + TV (ZZn 7Z2;2))(W§1)7H§2)):|

S 70, RV, |1
Vi | T AS (25, 25, ) 2 v T 2,0 Vs | T a

X [5 + (Borve — ﬁ)} ~ op(1) .

From the above expression, we need to evaluate the effects of heteroscedasticity of
disturbance terms (vy;, vo;) (i = 1,- -+ ,n) are negligible for the results of asymptotic
distributions. For any constant vectors a and b, there exists a positive constant A;
such that for k = 1,2 we have

2

Y | Sl (1) 4@ % & (N~ 500
3,7=1
< 2 E Z[pzz +pzz )][ (Vz +Z[pw _'_p” )][alvivjb]Q
i#]
+ 2l (1 4 i >Ma’vl-v;.ba'vjv;b]]
i#]
Kon
< A= 0
n

4

It is because the conditional moments of the disturbance terms vj; are bounded,

S pz(i) K, and we have the relation 7, pm) < K3, due to the projection

matrix.
Then, we find

([ vE @l m e m @ e mive |
i\ vzl al ozl vl e b, )
2,0

when 0 < v < 1. We use (2.10) and the relation that

! , Ky, 1 1
|:< iii ) @22.1 (,BQ,IG2> + 7’? Q- )\nq—nH ,3 = Op(%) .

By multiplying the preceding equation out to separate the terms with factor 8 and
with the factor \/n (85 v r — B), we have

0.16) [ ( £ ) ®as (Bute) Viluva -~ B) + 028020 VB| 0.
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which is asymptotically equivalent to

~ 1 n) (1) %(2)
Dot V(B — Bs) — ﬁﬂé; [Z27(11) Vi — 227(12) V3, 50

By applying the CLT to the second term, we complete the proof of (i) of Theorem
2 for the 2SLVR estimator of 3 when 1/2 <v < 1.

(Step 3, The case of 1/2 < v < 1, 2STSLS. )
Next, we shall 1nvest1gate the asymptotic property of the 2STSLS estimator. We

set ,BTS = (1, ,82 rg), which is the solution of (2.13). By evaluating each term of

I,

(0,16,)v7 [( 2, ) D1 (B 1a,) + %G*{] B+ (Brs—8)] =0,
we have
(A.25) [@22.1] \/E(BQ.TS —By) — GI"B=0,(1) .

Then the limiting distribution of \/n(B,1g — B,) is the same as that of ®5,, G*0.
By using

1 v;z;21><z;£>2*£3>> Ly i Lo (L L) L V| v g
Koy | V23223 731720y -y 723 (72 752y 1752y ) ’

and then the asymptotic bias becomes [K5,/1/n]28 — (—c,)Q223,.

We apply the CLT as (i), we have the result for the 2STSLS estimator of 8 when
v=1/2.

When 1/2 < v < 1, we notice

nt=v {%G — ( IZQ ) Dy (ﬂ;,I@)} B

K n n *(1)’ >k
= 2 Q,B _sz) [Zz(l) Vi — (2) V2/32]

n

BT ) @ ) g
vl @ al e Vala zl i,

2n n

i ) — K2, B.

Because the last two terms of the right-hand side except the first term are of the
order o,(n™"), we have

— %(1) ! r%(1 *(2) % (2
e [l L[ AT s,
n Vozoa (230 2325 v VL Z; ’(ZZi’Zzi)) 1Z50V,

n 2n

L5 .08
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as n —» 00. Hence by using the similar arguments as (i),

! (1 #(1) (1) —1rx(1) 7 k(1 *(2) _1r%(2)
(0 1. )1 < V1Z2£L)(Z2;)Z2$z)) 1Z2£L)V1 V1Z2£E)(Z2£z)z2£z)) 1Z2n)V2 )
2
N Z

VoZo (25 Zo,) " 2 vy VaZo (257 250)

X nl_y(ﬁz.TS —B3) — (0,1g,)c28 50

and we complete the proof of (ii) of Theorem 2 for the 2STSLS estimator when
1/2<v <1 Q.E.D.

(iii) On the Proof of Theorem 3 :
We set the vector of true parameters 8 = (1,—8,) = (1,—02,- -+, —f11c,). For
the estimator of 3, to be consistent we need the conditions

(A.26) Br = P K IBGQ ) Py (By,1a,) +c2,Q| (k=2,---,1+Gy)
as identities in By, ®9s1, and Q. Let a (1 + G2) x (1 + G3) matrix

ij

evaluated at the probability limits of (A.26). We denote a (1+G5) X (1+Gy) matrix
© (= (0;))

B. ) Bo®2218, Bo®a
e — 2 | & 1g,) = 2 2 Po ,
( Iq, 221 (8o L) P10, Do
where @91 = (ppy) (M, 1 =2, [ 14G2), (P2218,) = ZHGZ Bipyy (1=2,---,1+

Gs), (ﬂ;q)QQ.l)m = ZHGQ Bipim (M =2,--- ,14+G5), and 52‘1’22.1/32 211;_:022 Pzgﬂzﬂj .
By differentiating each components of © with respect to 5; (j =2,--- ,G3), we have

00 oL/,
(A.28) o5, ( 95, )
where % = QZHGQ piibi (1 =2,--,14+ Gy), agém = pjm (m =2,--- 14+ Gy),
8911 :Plj (5_2’ -, 14+ @Gs), and 8%’”—0([ m=2,---,14+Gy).
Hence J
00 14+Go 14+Go
(A.29) tr (T(’“ ) =27 P Z pjiBi + 2 Z puit) = ot

where we define 6; = 1 and 0% = 0 (k # j). Define a (1+ G3) x (14 G2) partitioned

mat l”iX
k k)’
T(k) ;1(1) 1 g )

k k
A iy
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Then, (A.29) is represented as 271(?<I>22,1,8+2<I)22.17'gk) = €5, where e;c =(0,---,0,1,0,---

with 1 in the k-th place and zeros in other elements.
Since P9y 1 is positive definite, we have

k 1. k
(A.30) Té )= 5‘1’221.1% - 71(1)52 .

Further, by differentiating © with respect to p;;, we have

00 0,
A.31 =
(A.31) oo (8pii ),
Where%:ﬁz?’%@plzj:ﬂi(m:i)’ (m # i >’8p”7ﬁ71(7 i),0 (I # i) and
aaepl: =1(=m=1),0 (otherwise). For i # j

apij B 8pij

where %11 = 26@6] ; 891m /8] (m = 2) 6@ (m = ])70 (m 7é 17]) ) %ﬁ; = ﬁj (l -
i), B; (L=13),0 (I # Z,]) and ai”" =1(l=im=jorl=jm=1),0 (otherwise)
for 2<I,m<1+G,).

Then we have the representation

( (k) 00 527—11 +27—11)5l+7—m) (7’:])
tr (T ):

0p;i . .
Pi 28,8, + 2708, + 2008, + 25 (i # §)

In the matrix form we have as 7‘11 ,32,32 + TQk)BQ + ,327' et T22 = O, and then,
we have the representation

k (k k
ng) = _7'11):32/32 - 7'2 ):32 527'; )
= 7'11 ,3252 - 5 ‘I’2_2.1‘5k52 + /32€k(1’2_21.1

Next, we consider the role of the second matrix in (A.26). By differentiating (A.26)

with respect to w;; (¢,7 =1,---,1+4 G3), we have the condition
Oy, 0Py, .
- k=2 14+Cyij=1,--.1+G
C@gij Ohs; ( 2,%] 2)

evaluated at the probability limits. Let
(A.33) S =G, —/ee,H, = [ 1L 5 }
Sz S
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Since ¢( - ) is differentiable and its first derivatives are bounded at the true param-
eters by assumption, the linearized estimator of Sy in the class of our concern can
be represented as

1+Ga )
Z TQ(Z)Sgh = Tl(f)sn =+ 2Tgk) So + tr [ng)822i|
g,h=1
= Tl(f)sll + (62‘132721.1 - 27'1(11€)ﬂ/2> sy + tr [(7'1(];)525/2 - (1’2721.1%,3/2) S22]
= TI(IIC) [311 - 2:3/252 + /3;522,32] + 62‘1’2_21.1(52 — S92/3,)
k) o roa
= 71'8'SB + €, 83, 1(52,52)8 .
Let
2
7'1(1)
(A34> Tll = .
o

and we consider the asymptotic behavior of the normalized estimator \/ﬁ(BQ - 055)
as

(A.35) é=|TuB + (0,9, S8.

Since the asymptotic variance-covariance matrix of S3 has been obtained by the
proof of Theorem 1, Corollary 1, and Theorem 2, we have

£ [é é'}

9Jelch

1 ,
(711 + ;(O, (1)2_21.1)96):3 + (0, (1)2_21.1)<IGz+1 - BIQ,@)

/

1 / Q86
(T4 250, 95)98)8 + (0.8 Ty — o

/ ]_ ! ]_ ! !
= ¥ +£ [(ﬁ Sﬁ)z} [7'11 + (0, ‘I’2_21.1)§Q,3] [7'11 + ﬁﬁ Q ( (12—21-1 )] +o(1) ,

xE[SBB'S] x )

where W** has been given by Theorem 1 or Theorem 2. This covariance matrix is
the sum of a positive semi-definite matrix of rank 1 and a positive definite matrix.
It has a minimum if

1
(A'36) T = _;(0, ‘1)2_21.1)9/3 .

This completes the proof of Theorem 3.
Q.E.D.
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(iv) On the Derivation of (4.2) :
In the general case, there is a complication with F. It is because the term of /n[¥,—

1)y I 2)' 5 1
")’1] as —Z PZSL)Zén)A) 1%25 ) PZéqu)Vl - (%Zg ) PZéi)Zg )) 1.1 Z Z(Q)VQ,BQ and
the first term of \/n(8, — B,) as gh; may have some correlatlon asymptotically.
We only evaluate the asymptotic covariance of

1 /- 1 = 1 == 1

EZP Pzngi))_l%z%l) P v, — (EZ?) sz)Zgl)) TZ(Q) P2 Vafy
1 1) 1 2)' 5

il Papv = Rl P Vb

and —IT;,®;, , Agh(1), because the effects of ®5,, Algh(2) + gh(3)] are asymptot-
ically negligible due to the assumption of third moments of disturbances. By using
(A.12), we evaluate the covariance of ( \F)< n \ ;22) V,03,) and

%Zgl) PZQ;)ZélrL))f Tn gl) PZé}L)Vl ( Z§2) PZ(Q)Z(Q)) \/IEZﬁQ) PZSL)VQﬂQ. Since 0% =
w11 +13l2922,82, we use the conditions in (4.3) and we arrange several terms to obtain

(4.2).

~ M1_11.2[
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