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1 Introduction

In operations research and management sciences, the data envelopment analysis
(DEA) has been known as one of important tools. See Cooper, Seiford, and Tone
(2007) for the details of existing known methods and history in operations research.
The DEA in operations research is ususally based on the mathematical program-
ming techniques. In economics, on the other hand, the parametric statistical es-
timation method of production frontier has been known since Aigner, Lovell, and
Schmidt (1977). It is also related to the cost function and the problem is funda-
mental in micro-econometrics. They proposed a parametric nonlinear regression
model with truncated distributions such as half-normal for noise term. By using
the maximum likelihood estimation (MLE) method, they measured the parametric
production function, which is an important tool in micro-econometrics. Some detail
of econometric studies on the estimation problem of stochastic frontier functions
has been explained in Chapter 17 of Green (2003). The main purposes of these two
methods in operation research and econometrics are similar, but their traditional
approaches and mathematical techniques to solve the similar problems are quite
different.

In this paper, we develop a statistical data envelopment analysis (SDEA), which
seems to be new to operations research literature as well as econometrics and statis-
tical sciences. We first consider the basic statistical DEA model that the observed
data is the sum of an increasing concave function and a pon-positive random noise.
The random noise term can be interpreted as the inefficiency of inputs-output re-
lationships. The purpose of statistical data analysis is to estimate the unknown
function, called the efficiency frontier, nonparametrically based on the set of ob-
served data. The key idea of the present work is to use the statistical methods of
the regression analysis, and the statistical extreme value theory (SEVT) to estimate
the unknown envelop function. When the sample size is not large, we have found
that the estimation method based on the SEVT method may not be satisfactory
in some cases. As the first estimation method, we shall use an estimation method
based on the linear regression, which is quite simple and straightforward. However,
we find that it has some possible efficiency loss in estimation when the sample size
is large and it can be improved. Then, we shall introduce the second estimation
method based on the SEVT method. We shall show that the order of second esti-
mation method of unknown parameters is faster than the first estimation method
in some situations. We also discuss the case when we have measurement errors as
well as inefficiencies in noisy observed data sets.

The main purpose of this paper is to develop a new statistical approach to the
DEA problem and some theoretical results. We also report an empirical analysis of
the life insurance industry in Japan as an application. Since the number of data is
about 40, which is quite small as the DEA problem, we have applied the regression-
based method to this application. Since our approach is not along the traditional



approach in operations science and management sciences, first we explain the basic
case, and then we generalize the simple formulation to more general cases.

The reminder of this paper is organized as follows. In Section 2, we discuss
the formulation of SDEA and introduce the first estimation method in the simple
case. In Section 3, we introduce the second estimation method for the case when
the sample size is large. In Section 4, we discuss the relation of our SDEA model
, the type-II extreme value distribution and the SEVT method. In Section 5, we
generalize the basic SDEA method when we have several explanatory variables. In
Section 6, we discuss the problem of measurement errors in the analysis of efficient
frontier. In Section 7, we report an empirical study of the SDEA method for the
life-insurance industry in Japan. Finally, in Section 8, we provide some concluding
remarks.

2 A New Approach of SDEA

2.1 Statistical Data Envelopment Analysis

We formulate our problem as the non-parametric estimation of a statistical DEA
model. Let the output level and input-level be Y and X, respectively, which take
non-negative values. We assume that the efficient frontier function A(-) is smooth
and twice-differentiable with 2" > 0 and A" < 0, and the input variable X is fixed
in this paper. (We usually consider the case when we only know that f(-) is a
concave function in applications.) Let also the random variable U representing the
inefficiency term from the (unknown) efficient frontier function, and we assume the
relation

(2.1) Y=nX)+U (U<LO0).

In the standard DEA, both X and Y take any real numbers, and in real applications

we only observed a finite number of data on X and Y. We use N as the sample size.
Let V; (i = 1,---,N), X; (i = 1,---,N) are the observed output and input

levels, which are non-negative, and h,,(X) is an increasing concave piece-wise linear

frontier function of the input level X as

2.2 ho(z) = a +bpz (2 € 1™ k=1,---,m),
k

where I™ = (v wP] (w® < W), 0< WV <o <w™ and 0 < W < - <
(m)

wy
In this study, we restrict our formulation to the case when X; is a bounded deter-
ministic variablle and wgl) <X < Xy <o < Xy < wém). Because of concavity,

we impose the monotonicity restrictions on coefficients such that

(2.3) 0<ar < <am, by > >by>0.



Let also U; (i = 1,---,N) is a sequence of i.i.d. random variables, which take non-
positive values. As a typical case, U; follows the negative exponential distribution
such that for some positive A > 0,

(2.4) F(u) = P(U; < u) = exp[Au] (u <0).
The basic statistical model is given by

The important feature of this representation is the restrictions that h,,(X;) is in
the class of non-decreasing piece-wise linear concave function and U; takes only
non-positive real values. The efficient frontier function h(X), which is the main
interest of investigation, but it is unknown for researchers. This problem has been
well known as the DEA model in operations research and there have been numer-
ous applications. Also in econometrics, there has been some literature such as the
econometric estimation of production frontier. (See Green (2003), for instance.)
Given a finite number of data sets (X;,Y;) (¢ = 1,---, N), it is only possible to
estimate the unknown function h,,(z) when m = my is less than N. We divide the
intervals I'™ (k = 1,---,m) such that U™, I{™ = (wiV, w{™] and we denote ny as

the number of data in I = (w{® w{] with

k=1

We allow the case when ;" np > N, which means data sets are overlapped in
intervals.

In the present study, we shall consider the case when the input variable X is fixed
(or there are several fixed input variables), and the bounds of intervals are known
in advance. However, for example, it may be possible to pick intervals for X ran-
domly. We conjecture that some efficient estimation methods for finite data would
be developed, which is beyond the scope of the present work.

When both ny (k=1,---,m) and m are large, it is possible to develop the asymp-
totic theory for the estimation methods. In the following, wel investigate the (con-
sistent) statistical estimation methods of the piece-wise linear function Ay such that
as m — 400 (and nj; — +00).

(2.7) Sup | () — h(z)| =25 0.
It is because
sup |iLm($) — h(z)| < sup |Bm(x) — hp ()] + sup |hp(z) — h(z)| L50.

For a finite N, one way to estimate the smooth function h(x) in practice is to use
some spline functions based on the estimated h,,(x) at m nodes.
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Figure 1: A typical situation : We estimated four tangent lines for the efficient
frontiers from simulated 100 data.

We illustrate a typical situation of the present problem as Figure 1. There are
100 firms with a common technology Y = X%3 (X > 0) to produce an output Y and
one input X in an economy. Although there could be efficient firms in an industry
or a market, but most firms are inefficient and the inefficiency can be denoted as
U (U <0), where U is a (non-positive) continuous random variable. We generated a
set of random variables from the negative exponential distribution. Since we do not
know the exact form of the underlying technology f(X) = X%3 except the fact that
Y (= f(X)+U) and f is non-negative and concave, and our task is to estimate the
unknown function f nonparametrically from a set of data (X;,Y;) (i = 1,---,100).
Then, we try to draw several lines locally by using a set of data around some value
at X, which are tangent to the true efficient technology curve at X. We have four
estimated tangent lines in Figure 1.

We will propose two non-parametric ways to solve the present statistical problem

in this study. In the k-th interval, we set n =ny (k= 1,---,m) and m is fixed. We

consider the problem of estimating the tangent line of h(X) in Iém)

X = z(> 0) such as

, and given any

(2.8) Vi=ar+0,X;+U; (i=1,---,n).

We sometimes use notation that a = ag, b = b and a; + bpx > h(x), X; € I,(Cm) =
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k) o (k .
(wg ), wg )] and ay and by, are unknown parameters whenever to make no confusion.

Then, we will consider the estimation problem a and b in the k-th interval Iém) for
a positive integer k. Our proposal is to use the tangent function a + bx to estimate
the unknown function h(x) at many points of x.

2.2 The first estimation method

When the sample size of data is not large, we develop the first estimation method,
which is based on the linear regression model in each interval. We should note that
the first estimation method can be improved substantially when the sample size of
data is large, however, as we shall discuss in Section 3.

In the k-th interval, we use the regression slope coefficient

(Y - Y)(X; - X)
(X — X)?

(2.9) bES =

and the maximum of intercept coefficient

(2.10) ars = _min {ala+ buX; > Vi},
i=1,m
where n =ny, Y = (1/n) ¥, Y; and X = (1/n) X%, X.
Here, we need the monotonicity restrictions on the estimated coefficients and impose
the conditions with k& (k= 1,---,m) such that

0<af¥<---<al o> >0 >0.

When the estimated coefficients in an interval do not satisfy the restrictions, we
simply disregard the estimated coefficients and the information in the associated
intervals. We have the following asymptotic result.

Theorem 1 : Assume that U; (< 0) is a sequence of i.i.d. random variables with
the variance V[U;] = 02 < +o0, the density f(u) is bounded and smooth at u = 0,
and X; are bounded.

(i) Then, in each interval I,gm), as n (=ng) = o0

~LS
(2.11) [ZZS—Z: ] 250.
(ii) As n (=ng) — o0
2
(2.12) Va(bES — b)) —5 N(0, %) ,

where we assume M, = lim,,_o.(+) X1, (X; — X)? is a positive constant.
(iii) For any 0 < o < 1/2,
(2.13) n®(af® —ax) =5 0.

6



as n — oo

Proof of Theorem 1: We use the standard arguments of linear regression in the
first part. By using (2.8) and (2.9), we write

X = X)(U; - U)
LY (X - X)?

(2.14) V(b — by)

The denominator converges to M, and the numerator converges to N(0,02M,) in
distribution by applying the central limit theorem (CLT).
Next, we use the relation

aks —a, = grllin {alY; <a+ ékXZ} — ay
= max {Y, — X} —

We use the assumption that X; is bounded (|X;| < X* for some X*) and 0 < a <
1/2. Then we can take § such that 0 < o < < 1/2. For 0 < o < 1/2,

«

0 (b, — b X| < |n? (b — by) maX{Xi}Hjﬁ] 20
as n — oo.
Then for any sequences z, = z/n® and z < 0,
P Ut y<a) = [[PO< -
s <20 = fPois 5o

where F' is the distribution function.
Because U; is a sequence of i.i.d. random variables with the density f (F' is smooth
at zero with F'(0) = 1), the right-hand-side becomes approximately

T

exp{nlogll + (O} ~ exp{(0)—} = 0

no—1
and P(n®[aF® —ay) < x) — 0 for any x < 0 as n — co. By using a similar argument
to P(maxi—1,..n(U; — -5) < z,), we have the result.

(QE.D.)

We notice that the order of convergence in by is v/n while the order of convergence
in a; may be n® and o > 1/2 because of the last part of Theorem 1. It suggests
that we may improve the order of convergence in the estimation of slope b;. We

7
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Figure 2: An estimated efficient frontier : For simulated data, we have used the first
estimation method to estimate the piece-wise tangent lines.

shall show that the convergence rate is n in the second estimation method.

As a numerical illustration of SDEA by using the first estimation method, we
show the estimated efficient frontier in Figure 2 based on some simulated data. Al-
though the true efficient frontier function is continuous and concave in this example,
the observed data look non-concave in several intervals because we have a finite num-
ber of observations as well as the presence of negative noises. The first estimation
method work well because we have used the piece-wise linear efficient frontier func-
tions and we took m = 5 in this example. When there are very many observations,
the 2nd estimation in the next section may improve the first method and it may
have some statistical optimality. However, we need many observations in any fixed
interval in the SEVT-based method. (See Section 3.) When the observed data is
not large, however, the first estimation method usually gives reasonable solutions
for practical purpose in our simulations.



3 The Second Approach of SDEA when the sam-
ple size is large

It is possible to improve the first estimation method when the sample size is large.
Our second estimation method is based on the statistical extreme value theory
(SEVT). The SEVT method has been developed as a branch of statistics, whose
focus is on the extremal and rare events such as natural and financial disasters.
It has been related to a need to analyze extremal phenomena beyond the stan-
dard statistics based on the normal distribution with moments. See Embrechts, P.,
Kliippelberg, C.  and Mikosch (1997) for some details. There are three types of
extreme value distributions in SEVT, and we shall use the second (Wiebul) type of
extreme distribution because there is an upper bound of observed data in the SDEA
models, which is the main target of our statistical analysis.

In this section, we first fix a k (k = 1,---,m and m > 3) and we order the data
0<w’ <X <Xy <00 < Xy < wd™ with I = (0™, wP] (w® < wi),
0<uw <o <w™ and 0 <wl << wi™.

We take three consective intervals I; = 1™ (5) j = 1,2,3 and n(j) = nu(j) with
n =mn, =n(l) +n(2) + n(3) (n(2) > 0) are the numbers of data in each interval.
Let X, = (1/n(1)) Cx,er, Xi and Xy = (1/n(3)) Yx,e1, Xi and we assume that
0 < X < Xy Let aslo Y7(1) = maxy,er, ¥; and Yy (3) = maxy;,er, Vi

Then, we define the second estimation method, which is based on the SEVT, by

C Yu(3) — Ya(1)

3.15 b _ Z
(3.15) o=
and )
(3.16) ay = Xierlrll&%UIS{am + b X; > Y}

We impose the monotonicity restrictions on the estimated coefficients in 15;”) (k=

L,---,m) such that

~

(3.17) 0<a; < o <lp, by > >0, >0.

When the estimated coefficients in any interval do not satisfy the necessary restric-
tions, we simply disregard the estimated coefficients and the associated intervals.

To develop the asymptotic theory, we consider the next condition.
Assume that X; are bounded and 0 < X < X),. For any positive numbers ¢; and
c3 there exists 0 (> 0) which satisfies

(Condition A) |X;,—X;| < % for any X; in I, , | X;—X | < C—f; for any X; in I3 .
ng ng



This sufficient condition implies that in two intervals we have a sufficient number of
data points in intervals around their means.

For the asymptotic properties of the resulting estimation method, we have the
following result on the consistency of a, and b

Theorem 2 : Assume that U; (< 0) is a sequence of i.i.d. and the ditribution
function F' has the density f(u) is bounded and smooth at u = 0. Also we assume
that X; are bounded X; are bounded, and 0 < X; < Xj;. In (2.8), we consider the
case when n — oo (n(1),n(3) — +o00). Then, under Condition A, as n — oo

ar —ay | p

Proof of Theorem 2 : For z, and X, € [,

n(1)
. < = - <
(3.19)  P(maxV; < z) l;[1 P(Y; < z,)
n(1)

Since § > 0, we take a such that 0 < a < 6. Then, by taking 2, = ar + by X; +
z/n(1)* (z < 0), The probability can be written as

n(1) ; i
(3.20) 183 <[n(1)a + (X — X)) A o) .

Under Condition A, for 6 > a > 0 and any z < 0, the dominant factor in the
right-hand-side becomes

exp[n(1) log F ( : a)] 50

as n(1) — oo.
Hence

(321) maxY; — (ak + kaL) i) 0.
X;ely

Then, by using the same argument for Is and X,

)rggﬁYi — (ag + b X1) 250 ,)I(IilggYi — (ag + bpXnr) 250

10



and

(3.22) [gggf; Y, — max Y] - be[Xar — Xp] == 0.

Hence, we have R

(3.23) b, — by, == 0.

On the parameter a, we have

(3.24) x,ax Y, — e Xi] = x,pax lax + 0 X; + U; — b X
= a;+ Xierllllaﬁulgwi + (b — br) Xi]

and

b X — g < _ i _ ] 1< _
P(Xiellrllzulﬁuls[}/; b Xi] — ap < 2,) P<Xi€III118%§UI3 (Ui + (b, — i) X3]) < 22)
Since by, — b, 5 0 and X; are bounded, we can take €, = K/n'~ (a > 0) such that
P(|(by — bg) Xi| < €,) — 1 for a constant K. We take 2z} = z, + ¢, (or z, = 2% —€,)
and apply the arguments of the last part of the proof of Theorem 1 to find

(3.25) ap — ap — 0.

(Q.E.D.)

By constructing the estimated efficiency frontier as

~

(3.26) () = g, + by (any z € ™)

we have a consistent estimator of the piece-wise function h(,,x), It is because
B () = B () = (@ — az) + (b — b))z -2 0.

For the asymptotic distribution of the estimated coefficients, we need a strong con-
dition with Condition A. The condition implies that we have a sufficient number
of data points in two intervals around their means. The asymptotic property of
estimator of unknown coefficients depends on the value of § in Condition A.

Theorem 3 : Assume that U; (< 0) is a sequence of i.i.d. and the distribution
function F' has the density f(u), which is bounded and smooth at u = 0. Also we
assume that X; are bounded X; are bounded, and 0 < X; < X,;. In (2.8), we
consider the case when n — oo (n(1),n(3) = +00).

(i) When 0 < 0 < 1 under Condition A, for any 0 < a < ¢

(3.27) n®(by — bg) =5 0.

11



as n — 0.

(ii) When § > 1 under Condition A, we have the asymptotic distribution of by as
n — oo,

(3.28) n(by — br) - Zy = A3 Zs — M Zy

where Z; (i = 1,3) follows G(\) = e™i (2 < 0;i = 1,3) and A = f(0). The
distribution of Z follows Gy(2) = [A3/(A1+A3) exp[%sz] (2 <0), Go(2) = [ /(M +
A3)[l — exp[i—jz] (z > 0), where \; = [1/(Xy — XL)][limn’n(lHoo %] and \3 =
[1/(Xn — Xp)|[limy, (3)—00 %] , provided that they converge to finite values for
)\1>0and)\3>0.

(ili) For any 0 < a < min{§, 1},

(3.29) n®(ag — ag) == 0.
as n — oo

Proof of Theorem 3 : (i) We apply the proof of Theorem 2 for n® (b, —by). For 0 <
a < 6 <1, we take 2, = aj, + by + z/n® (a < 0), then n®[maxy, Y; — (a + b X1] 5 0
and then, we have n®(b, — by) = 0.

(i) Consider the case when ¢ > 1 under Condition A. For the asymptotic distribution
of by, let Zy,, = n(1)[maxy, Y; — (a4, X1)] and Zs, = n(3)[maxy, Y; — (ax +bp X))

Then 7z 7
7 n 3n 1in
3.30 be —by) = —— - = XanZan — MinZin

where \y,, = ) and Az, =

% —X0) Xy X0)"
In the proof of Theorem 2, we set &« = 1. Then,
exp[n(1)log F(z/n(1)]] — exp[f(0)z] (z < 0) because F'(0) = 1 and F is smooth at
zero with density f(z). Since Zj, and Zs, are independent, the joint asymptotic

distribution of 7, and Z3, is given by
G(z1,23) = exp[\(z1 + 23)] (21 < 0,23 <0),

where A\; = lim,,_,, A1, and A3 = lim,,_,, A3,,, We need some care on the asymptotic
distribution of ZA)k because Z; < 0 and Z3 < 0 and Z = A\343 — A\ Z; can take positive
and negative values. When Z = \3Z3 — A\ Z; > 0, {Z < z} and Z3 < 0 imply
(A3 —2)/M < Zy < (A3/M\1)Zs. When Z = N\3Z3 — M2 <0, {Z <z}and Z; <0
imply Zs < (M Z1 + 2z)/A3. Hence we need to consider two cases, separately.
For z < 0 is given by

A1 1

P(Z<z) = P(Z?)—)\*?)Zlﬂ)\*gz)

0 (A1z142) /X3 9
= / / A exp A(z1 + 23)dz3 | dzy

N [/\Z]
= XP|— .
M+ A P

12



For z > 0, we have an evaluation as

0 (A3/A1)z3
P(Z<z2) = / [/( M exp Az + 2z3)dz | dzs

—00 A3z3—2) /A1

— /_000 Aexp(Az3)[exp(A(A3/A1)z3) — exp(A((A3z3 — 2) /A1) 23)]dz3

A1
A+ A3

1 - exp(—3-2)].

(iii) For the asymptotic property of a; — a, we use the same arguments as the last
part of the proof of Theorem 1. Since n(l;k — br) has a limiting distribution, for
0 < a < 1 and any negative value z, P(n*(ay — ax) < z) — 0 as n — oo, provided
that both n(1)/n and n(3)/n converge to positive constants. Then, we have the
result in Theorem 3.

(QE.D.)

When n(1) = n(3), the distribution of Z, is the double exponential distribution. It
is important to notice that the order of convergence in the asymptotic distribution
of by, is n instead of v/n. Tt is due to the fact that we use the estimation method
based on the maximum value in the intervals.

The asymptotic distribution of a is currently not available. However, we may impose
an additional condition that there exists a small positive real number € (> 0) such
that for any 2 < 0,
iti LX) —a] < 2)— LX) —a] <

(Condition B)\P(n[Xierlrllgéulg(K bX;)—ax] < z) P(n[ngﬁuﬁls(K bX;)—ar) < z)| <e.
Since we are estimating the piece-wise linear functions, this may not be very restric-
tive. Some further analysis would be needed.
Then, when ¢ > 1 with Condition B, we have

. b X)) —ag] <
(3.31) P(n[Xinelﬁﬁlg(K beXi) —ay] < z)—= H(z),
where H(z) = d exple;Az] for 2 < 0 and H(z) = (1 —dy) exp[eaA2] for 2 < 0, where
d; = lim,,_ oo n(Q)XLM/[n(g)XM —tn(l)XL], er = limy, 0o n(1)[Xar — X1]/[nX ], and
eg = lim, oo n(2)[ X — Xr]/[nXL], provided that these quantities are well defined
and X > X1

The derivation of H(z) is similar to the first part of the proof of Theorem 3. By
using

P(n[ max (Y; — b X;) — az] < 2)

X, elh1Ul3
= P(max{n[max(U; — (b — b) X, n[max(U; — (b — ) Xi} < 2),

13



under Condition B, it is asymptotically equivalent to

P(max{n[g(r}gﬁ(Ui — (bx — l;k)XL,n[max(Ui — (b — l;k)XM} < z)

Xi€ls
~ P(max{c11Z1 + c1222, 0121 + 222} < 2)
= P(enZi+ceZy < 2),
because gllZl + 01222 = 02121 + CQ%ZQ, where C11 = n/n(l) + )\1XL,012 = _>\2XL>
Co1 = )\1XM and Coo = n/n(2) — )\QXM

Let Z) = c11Z1 + c12Z5 and we shall derive its distribution function as follows.
For 2 <0, Z; < (2 — c1222)/c11 <0 (c11 > 0 > ¢19),

0 (z—c1222)/c11
H(z) = / / N exp[A(21 + 22)|dz1d 2,
0
= [ Aexp[Az exp A[(z — c1222) /c11]d 2
C11

= ————exp[—2].
C11 — C12 C11

For z >0, z; <0 and (c1121 — 2)/(—c12) < Zy <0, and
0 /0
H(z) = / / N exp[\(21 + 22)]dzod 2y
—o0 J(c1121—2)/(—c12)
0
= [ Aexp[Az1][1 —exp A(c1121 — 2)/(—c12)]dzy

by 0
= 1- )\exp[—z]/ exp|A(1 — ¢11/c12)21]dz

C12 —00
—C19 A

= 1- 7exp[—z] .
C11 — C12 C12

The distribution function H(z) could be used to approximate the limiting distribu-
tion of a in practice. Other methods including resampling could be used, but it is
beyond the scope of the present study.

For the piece-wise linear function h,,(z), we set X = x, and when the limiting ran-
dom variable of n(a — a) is given by Z,, we have some asymptotic representation.
Given & = X, hp(z) — hp(z) -5 0, and the limiting random variable can be
represented by

n[ﬁm(x) — h(2)] 5 I =Za+ (MZ1 — NaZs)x

and Z, could be approximated by Z;.
The asymptotic distribution depends on the unknown parameter A (> 0). It may be

natural to use the residuals U =Y, —a,—b.X; in I,gm) to estimate A by (=1)A~! =
(1/n)>>7, U;. Then the confidence interval for A can be constructed.
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4 The Case of Repeated Observations

In this section we discuss the relation between our method in Section 3 and the
(classical) statistical extreme value theory (SEVT).

We assume that the inefficiency term is a sequence of i.i.d. random variables with the
unknown continuous distribution F'. We consider the case when we have repeated
observations with a fixed X. We denote X (k=1,---,m) and

where Uy; (< 0) is a sequence of iid. random variables with the distribution
function F' and the zero intercept coefficient.

We consider the situation that given X, = x, there are many observations in
each intervals and ny — 400 under the assumption that F' is smooth at zero. We
use

nj
P( IIllaX ij S Zn) = H P(Uk] S Zn — kak)
J=1,ng =1
ng 1 _
= exp{z log[1 — n—nkF(zn — b X NO)|}
j=1 k
1o
~ exp{—n—k Z[nkF(zn - kak A O)H}
j=1

as ny — oo when we take 2, = z/ny + b Xy and F(x) = 1 — F(z). We note that
F(x) is the right-tail of distribution because Uy; are non-positive random variables.
Then, by using the Taylor expansion of F'(z) around x = 0 (F(0) = 0), as ny — oo
(k=1,---,m)

(4.33) P(nk[j:nll‘z.i;% Yi; — b Xi] < 2) — exp[f(0)z] (2 <0),

provided that f(0) is bounded.
Since the limiting distribution is the negative-exponential distribution F*(u) =
exp[Au] (u < 0) with A (> 0), we have f(0) = .

More generally, it is possible to consider the case when the density function f(z) of
the inefficiency terms Uy; in (4.32) diverges at x = 0. A typical case is the pareto-
type distribution when there is finite right endpoint, which has the density around
zero f(z) ~ C(—x)>"! (x < 0,a > 0) for some C. One class of distributions has the
form that for y = —x (> 0)

(4.34) F(—y™) =y "L(y)

where L(y) is a slowly varying function and a > 0. (A positive function L on
(0, 00) is slowly varying at oo if lim, ,.[L(ty)/L(y)] = 1 for t > 0. See Page 564 of
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Embrechts et al. (1997).) Then, Theorem 3.3.12 of Embrechts, P., Klippelberg, C.
and Mikosch (1997) implies that we can choose c(ng)™! = —F (1 —n; ') such that
as ng — 00

(4.35) P(c(nk)[jzl?§§k Yy — e Xi] < 2) — exp[—(—2)?] (2 <0),

where a > 0 and F* (t) = inf{z|F(z) > t} for 0 < ¢t < 1. This formulation is
standard in the statistical extreme value theory (SEVT) and it has been called the
maximum domain of attraction demain of the second (Weibull) type of distribution.
This asymptotic distribution is known as the 2nd-type (Weibull) extreme value
distribution. In this case, however, we need to estimate the scale parameter a in
the general case, which may not be a trivial task.

In the SDEA problem, it may be possible to consider the general case of (4.34)
with « (> 0) for noise or inefficiency term. However, we did not pursue this line
generality in the present work because the assumption of the boundedness of density
function at z = 0 may be appropriate in most applications. We usually use the DEA
method to analyze the effieincy frontier function when there are many inefficient
firms and a small number of firms is near to the efficient frontier in a particular
industry, for instance.

If we furthr have an intercept term as Yy, = ap + 0 Xy + Uy; (K =1,---,m;j =
1,---,ng) and a is the intercept term, we denote Vi; = Uy; — E[Uy;| provided that
E[Uy;] exists. Then, we can rewrite Yy; = (ay+) + b Xy + Vi; with E[V};] = 0. For
each k, the statistical model becomes linear regression and the estimation of v and
(ak,b) (K = 1,---,m) is possible, but the order of convergence in the regression-
based estimation method may be \/n.

There are some situations when there are many observation in the SDEA prob-
lem, but they are not necessarily the same as the statistical model with repeated
observations discussed in this section. If we can take ¢, > 0 such that we have many
observations in the region [z — ¢,, x + ¢,] for some z for instance, it is reasonable to
utilize the 2nd estimation method discussed in Section 3.

5 A General Case with Several Explanatory Vari-
ables

We consider a generalization of Sections 2 and 3, and let p be the number of ex-
planatory variables. We set p = 2 although it is straightforward to consider more
general cases with some notational as well as numerical complications.

For j = 1,2, let I,gTj) = (wj(»]fj),w](-gj)] ( w](»]fj) < wj(];j)), 0< wﬁ) << w](-Tj) and
0< w](é) << w](;n"). For k = (ky, k)", m = (my,my) and I = (wf{,wfﬁ] (j=

1,2), we set the (ki, ks)—th region by I\™ = I,(;fl) X I,(g“"). (The number of data is
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denoted by n(p, q) = ng, k,(p,q).) We estimate the hyperplanes of the form
(536) hm(X) = ay + b1 X1 + bap Xo

in X = (X1, X3) € Uy I™ with the concavity restrictions.

Let vectors x = (x1,x3) , x(1) = (21(7), 22(i)) and x(j) = (21(5), 22(5)) (i # j)
be in U, Igﬁm) and let non-negative scalars \; and \; (¢ # j). Then the concavity
restrictions imply that
(5.37) him (%) 2 Xihan (x(2)) + Ajhm (x(5))
for any x = A\;x(7) + \;x(j) and \; + A; = 1.

It is straightforward to check these conditions numerically at every estimation, but
there may be some complications in their numerical evaluations. As an example, we
take i = 1,5 = 2 and explain the following steps.

(Step 1) : First, we estimate a hyperplane hy (X, Xs) = a(1) + b1 (1) Xy + bo(1)Xs
by using all data with the restrictions a(1) > 0, b1(1) > 0, by(1) > 0 in the region
I(1) = I1(1) x I(1) (X1 € I;(1) and X, € I5(1)).

(Step 2) : Next, we take I(1) and and some different intervals I, (k = 2,---,m)
near to I(1) Then, we estimate hyperplanes hq (X7, X3) = a(2) + b1(2) X7 + b2(2) X5
in each regions locally and check the concavity restrictions and non-negativity of
coefficients. If they were not satisfied, we disregard the estimation results. If they
were satisfied, we use the estimation result and use the piece-wise linear functions.
(Step 3) : We repeat the same procedure. Since the number of data is finite, we
will stop this procedure eventually. (In our experiments, we have taken m such that
my and my are less than 0.1x (sample size).)

5.1 The first estimation method of coefficients

We extend the estimation of unknown coefficients with one explanatory variable to
the one with several variables. We illustrate this problem and consider the case of
two explanatory variables. We first fix k; and k5, and we take the number of data
as Nk, k, (D, q) (p,q¢ = 1,2). We apply the least squares estimators of the coefficient
vector and construct the intercept coefficient by adjusting the level of output. Then
we continue to construct coefficients such that they satisfy the monotonicity restric-
tions.

For the first regression-based method of coefficients in Section 2, it is straightforward
to extend the method in Section 2 to the case when there are several explanatory
variables. The coefficients b, (j = 1,---,p;k = 1,---,m) can be estimated by the
linear regression equation

n n

(5.38) br® = Do XX o Xl
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where X; = (Xj;) is a p x 1 vector of input variables and Y; is the output variable.
The estimator of the intercept coefficient ay is given by

(5.39) ars = min {ala+DFX; > V;} .

The order of the asymptotic distribution of b;;, and a;, (j =1,---,p;k =1,---,m)
are y/n and n, respectively. It is because Theorem 1 and its proof can be extended
directly to this case.

It may be straightforward to extend our analysis in this section to the general case
when p > 2 such that for k =1,--- m,

P
(5.40) Y;:ak—i-zbijji‘FUi (i=1,---,n),

j=1

where U; < 0.

5.2 The second estimation method of coefficients

We also extend the 2nd estimation method with the concavity restrictions based on
the SEVT method explained in Section 3. As for an illustration, we take the case
of p =2, and from I,gm) Jk=1,---,m we take conswctive 9 regions in the form of

I(,7) = 1(i) x I5(j) = (w1, wiip1] X (wo5, woj41] (4,5 =1,2,3)

and n(i, j) denotes the number of data in I(7,j). Since there are many intervals, in
practice we can take empty regions as n(i, 7) = 0 (i or j=2) in practice. We take the
means in each regions as Xi(i,7) and Xs(i,7) (1,7 =1,2,3).
For estimation, we take a combination of 7 and k and set
Xl(jv k) = (1/’@(], k)) ZXiEI(j.k)XM (]7 k= 1’ 3) and
Xo(j, k) = (1/n(j,k)) inel(j.k:)Xzi (J,k=1,3),
where n(j, k) are the number of observations in I,Em) (7,k) (j,k =1,2,3). The corre-
sponding maximum output value in each regions as Yy (j, k) = maxy,cijr) Yi (J, k =
1,3). Then, the following derivations are the direct extensions of Section 3. By using
the assumption of smooth distribution function around zero, we first use the relation
PmaxV; < z,) = Pmax[U; +a+ by Xy; + b2 Xoi] < 2,,)
1(3,1) I(3,1)
n(3,1)
= H P(Uz—i—a—f-leh—l—nggz Szn) .
i=1
Then, by using the same arguments in section 3, we assume that for any positive
number ¢ there exists § (> 0) such that the sequences X; in I,(Cm) satisfy

(Condition A™) 1X; — X (i, 5)|| < % for any X; in L4, j) (i,j = 1 or 3) ,
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Then, we have

?(13&1)§Y; — [a + b1X1(3, 1) + b2X2(37 1)] i) 0.

Similarly, we find that maxy 1y Y;—[a+b1 X (1, 1)+bX5(1,1)] 250 and maxi(13) Y;—
[a+ 01X (1,3) + by X(1,3)] 25 0.
By using the above relations,

[YM(?)’ 1) - YM(L 1)] - bl[X1(37 1) - X1(17 1)] - b2[X2<37 1) - X2(17 1)] i> 0
and
[Yar(1,3) — Yar(1, )] — 01[X1(1,3) — X1(1,1)] — ba[X(1,3) — X5(1,1)] 2 0.

We define the estimator (131, 132) of slope coefficients by

Yar(3,1) =Y (1,1) ] [ X1(3,1) = X1(1,1) Xp(3,1) — Xo(1,1) | [ by
Yur(1,3) = Yar(1,1) | | X3(1,3) — Xq(1,1) X(1,3) — X(1,1) by
The estimator a of intercept coefficient is defined by
(541) a= min ' {a!a + [A)th' + I;QXQi Z )/z} .

XiEUj’k=1’3I(],k')

Then, under the assumption that there exists 6 (> 0) with Condition A*, we find

that
Y (3,1) — Yar(1,1) X1(3,1) = X1(1,1) X5(3,1) = Xo(1,1) | | b1 — by
mum—mmgﬂ_lx@a—xu@A&@m—&mnlhrm
2500

If we further assume that

1 X1(3,1) X5(3,1)
(5.42) rank | 1 X(1,3) _x3(1,3)] =3
1 Xi(1,1) Xo(1,1)

for instance, then, l;l —b 20 and [;2 —by, 250

Let Z,(3,1) = n(3,1)max;s1) Y; — (@ + b:.X1(3,1) + b2X5(3,1))],

Zn(l, 3) = n(l, 3)[H1&X[(1’3) Y; — (a + lel(l, 3) + bQXQ(l, 3))],

and Z,(1,1) = n(1,1)max1,1) Y — (@ + b1 X1(1,1) + b2X5(1, 1))].

Then, under the assumption that there exists 6 (> 1) with Condition A*, we have
the limiting exponential random variables Z(3,1), Z(1,3), and Z(1, 1) with the joint
distribution

G (231, 213, 211) = exp[A(2z31 + 213 + 211)] (231 < 0,213 < 0,211 <0) .
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Then, the asymptotic distribution of n[lA)l — by, 52 — bo] is the weighted average of
exponential distribution in the expression

7 Xl(?’al)_Xl(lal) X2(3>1)_X2(171)
b [X1(173)_X1(171) X2(173)_X2<171)1
Z(3,1)
A3, 0 —A(L1)
[ 0 AL3) —A )] ol
)

A(1,3) = lim, oo n/n(1,1) as n,n(3,1),n(1,3),n(1,1) = oco.
Under the same setting with x = X, A,,(x) — hp(x) —= 0, and the asymptotic
distribution of the estimated hyper-planes is given by

(5.43) [ (X) — B (X)] = Zpy = Zy + 2%,
where x = (21, 22) .
This expression is a direct generalization to the cases when p > 2.

When the sample size is not large while the number of explanatory variables p is
greater than 1, the number of data in each cell may be small. Then the estimation
procedure may not be easily used. To avoid this problem, one may use a different
procedure to use multi-dimension cells. To illustrate an alternative method, we
use the case when p = 2, for instance, and we denote each cell as I(j,k) (j,k =
1,2,3). We also use the notations such that for j, k =1,2,3, U, I(4, k) = 1(j,-) and
Uy T(.k) = I, k).

To cope with this problem, first, as we have mentioned, we can take null regions
I(i,j) when i or j is 2. Second, we use the relation

P( max }/Z < Zn) :P( max [Uz+a+b1X11+b2X22] S Zn) .

U, 16k U, 13:k)
Then we can develop the similar evaluation except the fact that the resulting limit
random variables Z,(j,---) and Z,(-, k) (j,k = 1,3) are correlated even when n —
00. The limiting distributions of estimators of coefficients can be expressed by the
limiting joint random variables Z(j,---) and Z(-, k) (j, k = 1,2), which follow

(5.44) G(zj.,z.6) = exp{A\D_[zj. A zx]} (4. k =1,3),
j.k
where z;.. <0, z.4. <0, AX(J, k) ~n/n(j, k).
Then, the asymptotic distribution of n[b; — by, by — bs] is the weighted average of
exponential distribution in the expression of

-1

X1<3, ) - Xl(la ) X2(37 ) - X2(17 )

(5.45) Z; = Xi1(+,3) = X1(-,1) Xo(-,3) — Xo(-, 1)



Z(
A3, =A(L,) 0 0 Z(
0 0 A-3) =AGD || 2.3
Z(-

This representation can be extended straightforwardly to the cases when p > 3.
The detail of this procedure is currently investigation, but it seems that we need a
simulation-based evaluation of the limiting distribution.

6 Efficient Frontier and Measurement Errors

There are cases when we should not ignore the measurement errors in inputs and
outputs in the SDEA problem. Let V; be the measurement errors for the i-th ob-
servation. First, when V; < 0, it may not be possible to distinguish it from the
inefficiency term, which does not take any positive value. Second, we consider the
case when V; > 0. A typical case would be V; = cf(X,)*, where f(X;)* is the hidden
efficient frontier and c is a non-negative measurement error rate. Then we have the
statistical model (2.1) as Y; = f(X;) + U; , where

(6.46) [(Xi) = f(Xi)"(1+ ),

Then, it may be reasonable to to estimate the frontier function without measure-
ment errors by f(X;)* = f(X;)/(1 + ¢). There can be some examples of reporting
inaccurate numbers and accounting misconducts as typical examples of positive
measurement errors. In such cases, their roles could not be ignorable.

However, when we have measurement-errors in the SDEA problem, there is an al-
ternative approach to treat them as outliers. One empirical example will be reported
in the next section.

7 An Empirical Example : Life-Insurance Indus-
try in Japan

As an empirical example, we have applied the SDEA method in the previous sec-
tions to the accounting data sets on the life-insurance industry in Japan, which
are public data during 2017-2021 fiscal years in “Seimei-Hoken-Jigyou Gaikyou”
(Seimei-Hoken-Kyokai (2021)).

We have used the data as (1) works:office workers, (2) capital:total shareholders’
equity, (3) expense : operating expenses, (4) insurance : total payment of insurance
benefits, and (5) income : ordinary income. The output variable is the ordinary
income.
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Since there are 41 companies in this industry, which is rather small, we have used
the first method to estimate the efficient frontier function. Among 41, there is one
firm, Kanpo-Seimei, which is quite different from others because of the long-history
and some institutional changes. Then, we may need to exclude this firm to estimate
the efficiency frontier. Apparently, the monotonicity and concavity assumption on
the efficient frontier is not satisfied as we illustrated the problem in Figure 3. Thus,
it is appropriate to treat Kanpo-Seimei as an outlier and should be deleted, which is
not discussed in detail, but we briefly mention to the fact that the historical role of
the life-insurance industry has quite different from other industrialized countries like
U.K. and U.S.. There were some historical as well as institutional reasons why there
are a few major life-insurance companies in Japan and the number of life-insurance
companies is small in comparison with those in the U.S. and U.K.. Kanpo-Seimei
was originally a part of the National Post Office in Japan, and it was privatized in
2006, for instance. See Kubo (2011) for some details of the historical development
of the life and non-life insurance industries in Japan.

In our analysis we have focused on the data on 40 companies in our empirical
analysis. We used the number of office workers as an input and ordinary income
as the output and estimated the 2021 efficient frontier in Figure 4. We also used
Capital as an input and ordinary income as the output and estimated the 2021
efficient frontier in Figure 5. From these two figures we have found that we can
estimate the frontiers in a reasonable manner. That is, there are several companies,
which are close to the efficient frontier and there are other inefficient companies. We
also found that there are only several large companies in the life-insurance industry;,
the estimation of the efficient frontier in the right-hand area is statistically a difficult
problem.

8 Concluding Remarks

In this paper, we discussed the problem of DEA and have developed a new SDEA
method based on the statistical modeling of linear regression and extreme value
distribution, which may be new to both the operations research and statistics com-
munities. We also report an empirical analysis of life-insurance industry in Japan as
an application. Because the number of data is quite small in our example, we used
the linear regression based method for estimating coefficients. When the number of
data is large, however, we have shown that some efficiency gain in the statistical es-
timation could be obtained under some additional conditions if we use the statistical
extreme value (SEVT) method.

There are a number of problems in the SDEA method remained to be investi-
gated. First, we could not have obtained the asymptotic distribution of the intercept
parameter a in two estimation methods. Second, the asymptotic theory of the sec-
ond estimation method without Conditions A, B, and /or C is currently an important
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Figure 3: An outlier situation : In the life-insurance industry in Japan, there is an
outlier and there are some reasons why it is.
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Figure 5: An estimated frontier : Input is Capital and output is Income.

research topic. Third, the statistical models treated in this paper can be generalized
to several directions including multivariate inputs and outputs. In some cases, how-
ever, it is not a trivial task to impose the monotonicity and concavity restrictions
when we estimate the estimated frontiers from a finite set of data. If we had a huge
number of data, it may be possible to use explanatory variables in an efficient way.

Another important statistical issue would be that there can be several procedures
to choose the number of intervals (m) in a finite number of data analysis and we
need to develop some criterion of selecting the number of interval nodes (m) in
some optimal way given a finite number of data. It includes some methods to
choose intervals randomly.

We are currently investigating various aspects of theoretical problems and appli-
cations of the SDEA method proposed in the present work. We are also developing
the R-programs for numerical evaluations.
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